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1. Introduction

Parallel kinematics machines, PKMs, are known to be characterised by many advantages
like a lightweight construction and a high sti ffness but also present some drawbacks, like
the limited workspace, the great number of joints of the mechanical structure and the
complex kinematics, especially for 6-dof machines. Therefore Callegariet al.(2007) proposed
to decompose full-mobility operations into elemental sub-tasks, to be performed by separat e
minor mobility machines, like done already in conventional machining operations. They
envisaged the architecture of a mechatronic system where two parallel robots cooperate in
order to perform a complex assembly task: the kinematics of both machines is basedupon
the 3-CPU topology but the joints are differently assembled so as to obtain a translating
parallel machines (TPM) with one mechanism and a spherical parallel machine (SPM) with
the other.

In one case, joints’ axes are set in space sthat the mobile platform can freely translate
(without rotating) inside its 3D workspace: this is easily obtained by arranging the universal
joint of each limb so that the axis of the outer revolute joint is parallel to the base cylindrical
joint; such three directions are mutually or thogonal to maximise the workspace and grant
optimal manipulability. With a different settin g of the joints, three degrees of freedom of
pure rotation are obtained at the terminal of th e spherical wrist: in this case the axes of the
cylindrical joints and those of th e outer revolute pairs in the universal joints all intersect at a
common point, which is the centre of the spherical motion.

This solution, at the cost of a more sophisticated controller, would lead to the design of
simpler machines that could be used also stard-alone for 3-dof tasks and would increase the
modularity and reconfigurability of the robotise d industrial process. The two robots have
been developed till the prototypal stage by me ans of a virtual prototyping environment and

a sketch of the whole system is shown in Fig. 1. while the translating machine has been
presented already elsewhere (Callegari & Palpacelli, 2008), the present article describes the
design process of the orienting device and the outcoming prototype.

Source: Parallel Manipulators, New Developments, Book edited by: Jee-Hwan Ryu, ISBN 978-3-902613-20-2, pp. 498, April 2008,
I-Tech Education and Publishing, Vienna, Austria
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Fig. 1. Architecture of the assembly sysem based on two cooperating parallel robots

2. Kinematic synthesis

The design of parallel kinematics machines able to perform motions of pure rotation, al so
called Spherical Parallel Machines, SPM’s, isa quite recent research topics: besides the
pioneering researches by Asada and Granito (1985), the most important mechanism of this
type is the agile eye by Gossdéin and Angeles (1989), upon which many prototype machines
have been designed since then Few other studies on the subject are available during the
90’s, among which the work of Lee and Chang (1992), Innocenti and Parenti-Castelli (1993)
and Alizade et al.(1994). In the new millennium, however, a growing interest on spherical
parallel wrists produced many interesting results, as new kinematic architectures or
powerful design tools. The use of synthesis methods based on or screw theory, for instance,
has been exploited by Kong and Gosselin (2004a and 2004b) that provide comprehensive
listings of both overconstrained and non-overco nstrained SPM’s; Hervé and Karouia, on the
other hand, use the theory of Lie group of disp lacements to generate novel architectures, as
the four main families in (Karouia & Herve, 2002) or the 3-RCC, 3-CCR, 3-CRC kinematics
specifically treated in (Karouia & Herve, 2005); Fang and Tsai (2004) use the theory of
reciprocal screws to present a systematic methodology for the structural synthesis of a class
of 3-DOF rotational parallel manipulators. More interesting architectures, as the 3-URC, the
3-RUU or the 3-RRS, have been studied by DiGregorio (2001a, 2001b and 2004) and also by
other researchers.

Following the approach outlined in (Karouia & Herve, 2000), Callegari et al.(2004) proposed
a new wrist architecture, based on the 3-CPU stucture; it is noted also that the 3-CRU
variant is characterised by a much more complex kinematics but can be useful in view of a
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possible prototyping at a mini- or micro- scale, as shown by Callegari et al.(2008). The main
synthesis steps of the 3-CPU parallel wrist are outlined in the following paragraphs.

First of all, it is noted that only non-over constrained mechanisms have been searched in
order to avoid the strict dimensional and geom etric tolerances needed by overconstrained
machines during manufacturing and assembly phases. Moreover, the use of passive
spherical pairs directly joining the platform to the base has been avoided as well and for
economic reasons only modular solutions characterised by three identical legs have been
considered. It must be said that these advantages are usually paid with a more complex
structure and the possible presence of singular configurations (translation singularities) in
which the spherical constraint between platform and base fails.

/e

Fig. 2. Limb of connectivity 5 able to generate a spherical motion of the platform

Aiming at this kind of spherical machines, a simple mobility analysis shows that a parallel
mechanism able to generate 3-dof motions must be composed by three limbs of connectivity
5. Without losing generality, it is supposed that each single limb consists of 4 links and 5
revolute (R) or prismatic (P) joints that connect the links among them and the limb itself to
the fixed frame and to the mobile platform. If each limb’s kinematic chain has 3 revolute
pairs whose axes intersect at a common point, that is the centre O of the SPM, therefore the
moving platform can rotate around the fixed po int O: in this way, each limb generates a 5-
dimensional manifold that must contain th e 3-dimensional group of spherical motions
around the point O. If the other two lower pairs are locked, the kinematic chain of the
overconstrained Gosselin and Angeles wrist (1989) is obtained, see Fig. 2.

/

Fig. 3. Limb with subgroup RRR able to generate the subgroup of planar displacements
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By analysing the described configuration, it is seen that the spherical motion can be obtained
also by using 5 revolute pairs R1-Rs where the axes of the joints R, Rs and Rs still intersect at
a common point while the axes of pairs R, and R4 are parallel to the direction of Rs. In such a
way, the 3 joints R;, Rs and Rs will generate the 3-dimensional subgroup of planar
displacements G(y), i.e. the set of translations lying in y and rotations around axes
perpendicular to y. The same subgroup G(y) is generated also in case the axis of revolute
joint Rz is still perpendicular to plane y but does not cross the rotation centre O, as shown in
Fig. 3, therefore also with this limb ki nematics a spherical wrist can be obtained.

On the other hand, by following the same line of reasoning, the same subgroup of planar
displacements G(y) can be generated by substituting one or two revolute joints among the
Rz, Rs, Ry set with prismatic pairs whose axes lie in the plane y, thus obtaining limbs whose
central joints are characterised by one of tre sequences PRR, RPR, PPR, PRP, RRP, RPP. Of
course, two adjacent joints in limbs kinematics can be merged to yield simpler architectures
with fewer links: for instance two revolute join ts with orthogonal axes can be superimposed
to give a universal (U) joint, while the set of one revolute joint and on e prismatic pair with
the same axes are equivalent to a cylindical (C) joint, as shown in Fig. 4.

.

BEN

a (b)
Fig. 4. Merge of two adjacent joints able to yield universal (a) or cylindrical (b) pairs

The kinematic chains described above prevent the i limb’s end from translating in the
direction normal to the plane i, i=1,2,3 therefore, if three such chains are used for the limbs
and the three normals to the planes yi, are linearly independent, all the possible translations
in space are locked and the mobile platform, attached to the three limbs, can only rotate
around a fixed point.

In this way, seven alternative design concepts have been considered, which are: 3-URU, 3-
CRU, 3-URC, 3-UPU, 3-CPU, 3-UPC, 3-CRC. |gures 5-9 show the mentioned synthesis steps
leading to the specific limb topology (a) and sketch a first guess arrangement of the
introduced joints (b). In particular, the second picture in each one of these figures, labelled
(b), shows the simplest possible setting of the limbs, that all lie within vertical planes:
unfortunately in this case the 3 normals to lim bs’ planes are all parallel to the horizontal
plane and therefore result linearly dependent, allowing the platform to translate along the
vertical direction, see Fig. 10a.Among all the possible setting of these normal axes in space
that grant them to be linearly independent, it ha s been chosen to tilt the limbs’ planes so that
they are mutually orthogonal in the initial configuration (or “home” position of the wrist),
Fig. 10b, thus greatly simplifying the kinemati cs relations that will be worked out later on;
moreover, even if this arrangement changes during operation of the machine, this
configuration is the most far from the sing ular setting previously outlined, therefore
granting a better kinematic manipulability of the wrist. The sketch of the outcoming
mechanisms are drawn in Fig. 11-13.
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Fig. 5. Synthesis of URU limbs (a) and sketch of the 3-URU mechanism (b)
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(a) (b)
Fig. 6. Synthesis of CRU and URC limbs (3 and sketch of the 3-CRU mechanism (b)

(a) (b)
Fig. 7. Synthesis of UPU limbs (a) and sketch of the 3- UPU mechanism (b)
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() (b)
Fig. 8. Synthesis of CPU and UPC limbs (a) and sketch of the 3- CPU mechanism (b)
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Fig. 9. Synthesis of CRC limbs (a) and sketch of the 3- CRC mechanism (b)

(@) (b)

Fig. 10. Setting of the 3 axes normal to Imbs’ planes: coplanar (a) and orthogonal (b)
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(@)

Fig. 11. Concept of a 3-URU (a) and 3-CRU (b) spherical parallel machine (home pose)

<]

(a)
Fig. 12. Concept of a 3-UPU (a) and 3-CPUb) spherical parallel machine (home pose)

Fig. 13. Concept of a 3-CRC spherical parallel machine (home pose)
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The kinematics of such machines has been invstigated and in view of the design of a
physical prototype the 3-CPU concept has beenretained, see Fig. 14: this has been mainly
due to the relative simplicity of the kinemati cs relations that will be worked out in next
section, to the compactness of the concept, that allows an easy actuation and finally to the
novelty of the kinematics, that has been proposed by Olivieri first (2003) and then studied
by Callegari et al. (2004). Before studying the kinematicsof the 3-CPU SPM it is marginally
noted that the same limb’s topology, with a diffe rent joints arrangement, is able to provide
motions of pure translation (Callegari et al., 2005); moreover, the 3-CRU mechanism is

extensively studied in (Callegari et. al, 2008) in view of the realisation of a SPM for
miniaturized assembly tasks.

3. Kinematic analysis

3.1 Description of geometry and frames setting

(a) (b)
Fig. 14. Placement of referene frames (home pose) (a) and gemetry of a single limb (b)

Making reference to Fig. 14, the axes of cylindrical joints A;, i=1,2,3 intersect at point O
(centre of the motion) and are aligned to the axesx, y, z respectively of a (fixed Cartesian
frame located in O. The first member of each link (1) is perpendicular to A; and has a
variable length b due to the presenceof the prismatic joint D;: the second link (2) of the leg is
set parallel the said cylindric al pair. The universal joint B; is composed by two revolute pairs
with orthogonal axes: one is perpendicular to leg's plane while the other intersects at a
common point P with the corresponding joints of th e other limbs; such directions, for the
legsi=1,2,3 orderly, are aligned to the axesu, v, w respectively of a (mobilg Cartesian frame,
located in P and attached to the rotating platform. For a successful functioning of the
mechanism, such manufacturing conditionsmust be accompanied by a proper mounting
condition assembly should be operated in such a way that the two frames O(x,y,z) and
P(u,v,w) come to coincide. Finally, it is assumed aninitial configuration such that the linear

displacements & of the cylindrical joints are equal to the constant length c (that is the same
for all the legs): in this case also the linear displacementsh; of the prismatic joints are equal
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to the constant length d. It is also evident that, for practical design considerations, SPM’s
based on the 3-CPU concept are efficiently actated by driving the linear displacements of
the cylindrical pairs coupling th e limbs with the frame: theref ore in the following kinematic
analysis it will be made reference to this case (i.e. joint variablesa, i=1,2,3 will be considered
the actuation parameters).

3.2 Analysis of mobility
From the discussion of previous section, it is now evident that in case the recalled
manufacturing and assembly conditions are satisfied, the mobile platform is characterised
by motions of pure rotation; the mentioned co nditions can be geometrically expressed by:

i. W, and w, incidentin P;

il \/“\/3i perpendicular to the plane Wy, W, l,i.e. \f\/3i \i\/4i Oand Wsi W, O;

ii. w, lying on the plane W, ,w, !, ie. W,

| 0; due to condition (ii) must
also hold: w, w, Lw,;

Wy
iv. W, not parallel to W, and therefore: W, uw,, 70 (for simplicity, the condition
W, W, 0 has been posed).

Making reference to Fig. 14b, if the point P is considered belonging to the ith leg, its velocity
can be written in three different ways as follows:

P P, P, fori=12,3 1)

n

where P, is the velocity of point P if considered fixed to link 2:

P, B & u(P B.) B, & wa4i (2)

and P, is the velocity of point P relative to a frame fixed to link 2 and with origin in  B;:

Py E\’Avai uP B Ewsi Ud\iVm 3)

In (2), Z;is the angular velocity of link 2:

& Wy (4)

In the same way, with obvious meaning of the symbols, the vector B, can be expressed as:

B, B, B

fori=1,2,3 (5)

ri

where:
B, aw; & uB A) aw, I[w,u@w, dv,) aw, [w, udw, (6)

B, bW, ()

r 1

If (2)-(7) are substituted backin (1), it is found:

A

P bw, aiw]j gwsa l'dVAVm fori=1,2,3 (8)
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~

By dot-multiplying (8) by W, and by taking into account the conditions (i)-(iv), it is finally
obtained:

W, P 0 ©)

that can be differentiated to yield:

W, P W, P O (10)

Equations (9-10), written for the 3 legs, build up a system of 6 linear algebraic equations in 6

unknowns, the scalar components of P and P. Such a system can be written in matrix form
as follows:

M ()’) 0 (11)

2)1/4

where the 6x6 matrix M can be partitioned as:

H
M » (12)
ffT' H 1,
with:
‘ngl (:) 1"’311 W31] Wa (:) (13)
H W ;2 » Dby W32j Waoi 3
f\/gs 374 &V33i Waaj  Wag 174
and O being the 3x3 null matrix.
If the matrix M is not singul ar, the system (11) only admits the trivial null solution:
P PO (14-15)

which means that the point P does not move in space, i.e. the moving platform only rotates
around P. The singular configurations, on the other hand, can be idertified by posing:

detM detH @ o (16)

that leads to:

detH W, Wy, LW, O (17)

Equation (17) is satisfied only when the three unit vectors w,,, w,,, W,, are linearly

dependent; therefore the platform incurs in a translation singularityif and only if:

X the planes containing the three legs are simutaneously perpendicular to the base plane;
X such planes are coincident with the base plane (configuration not reachable);

X at least two out of the three aforementioned planes admit parallel normal unit vectors.
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This justifies the choice previously operated of having the legs laid on mutual orthogonal
planes: in fact this configuration is the most far from singularities.

3.3 Orientation kinematics

Orientation kinematics is based on the definition of the relative rotation between fixed frame
O(x,y,z) and the mobile frame P(u,v,w), where is always P KO, see Fig. 14; to this aim the
following set of Cardan angles is used:

a cCEJ ckJ SE ©
SR DEJ R, DR, ER, J SsBEJ cBJ sBEJcrJ spe®
«KCBEJ sBJ cBBJ slkJ clEy,
Moreover, a local frame Oi(xi, i, z), i=1,2,3is defined for each leg, as shown in Fig. 15: thex;
axis is aligned with cylindrical joint’'s axis and the y; axis is chosen parallel to limb’s first

link, when it is laid in the initial configuration.
One loop-closure equation can be written for each leg as follows:

A P D A B D P B 0 fori=1,23 (19)
Equation (19) can be easily expressed in the local frameDi(xi, vi, z), 1=1,2,3

o a Q o aco

D2 Sl 0P B 0

<« » « » !

fori=1,2,3 (20)

Dy, sb STy, 0,

Fig. 15. Setting of local limb frames

The last term in (20) is actualy evaluated in the global frame O(x,y,z), then it is transported
to limb’s frame Oi(x;, Vi, z):
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'Pp B /R"P B (RSR"P B fori=1,23 (21)

where the introduced terms assume the following values:

4 0 0° D 1 0° D 0 1°

1 » 2 » 1 »

SR P 107 SR P o1” JR J 007 (2224
9 0 1y, 4 0 Oy, 9 1 Oy,

P B d010@ PP B, d001@ "P B, d100@ (2527

In inverse kinematics the values of O ECattlan angles (or equivalently the elements rj of
the rotation matrix gR) are know and the joint variables a must be found; loop closure

equations (21) for i=1,2,3 represent three decoupled systems of non linear algebraic
equations in the unknowns &, 7 and b, that can be solved to find the single solution:

:a1 c dT, oa2 c d T, | Cc dT,

®[, atan2r,,r,, ®, atan2r;,ry, ®; atan2r,,r;, (28-30)
fbl dT,, sz d T, 433 d T,

- ch o ch o ch

The direct kinematic problem, on the other hand, assumes the knowledge of joint variable s
a, i=1,2,3 and aims at finding the corresponding atti tudes of the platform in the space. The
analysis is performed by means of simple trigonometric manipulations: by substitut ing in
(28-30) the expression ofrjj given in (18), it is obtained:

cBJ Cdal K,

®LE

C (31)
a K,

d

CBEJ sBJ Cda3 K,

where the ki, i=1,2,3are known values. The 3 equations in (31) can be solved to find up to 4
admissible values for s

oKk k2 1 ﬁf s KK K 1sU kKX 0 (32)
K, k'© 1
For each angle 4#hat solves (32), 2 different values can be found for angles £Zand D
cE K p Koy (33-34)
sJ
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therefore system (31) admits up to 16 different solutions: direct kinematics of the
mechanism, however, is characterised by a maximum number of 8 different configurations,
since angle E£can be restricted in the range[- &, &] without any loss of information.

3.4 Differential kinematics
By direct differentiation of the first 3 eq uations in (28-30), the expression of theanalytic
Jacobiald, is directly derived:

a, ° a 0 sBJ cCEJ o afp apo
& » |~ Mokl « (35)
(éZ » d « CRE SBE 0 » «E; Ja «Ei)

&Yy, «KSBEJcBJcREJ cBBJ skIy<iy, <y,

The geometric Jacobiads can be worked out by expressing the relation between the
derivatives of Cardan angles and the components of angular velocity Z

azo 4 0 SE 0 a[o
G» Q €D SBESE] )

Zv, @ sD cREysy,

g0 A 0 CBBJ sJ cRJ sBEJaZ o  azo
& » ~K W> M «> » (37)
(é‘Z » d « cE 0 SE )xg » ‘]G «% »
Ky, «KSBEJcBJ cEJ 0 W2y, LY,

It is noted that the geometric JacobianJs is not a function of geometric parameters, therefore
machine’s manipulability cannot be optimised by a proper selection of functional
dimensions.

3.5 Analysis of singular poses
Limbs’ structure does not allow for inverse kinematics singularities, while direct kinematics
singularities can be found by letting the determinant of Js vanish:

detd, d°sf cRJ sSBBJ (38)

The zeros of (38) all lie on closed surfaces in the 3-dimensional space D £ théir
intersections with the coordinate planes are straght lines (see also Fig. 16), as given by:

D 0o ErJ 1%

2
(39)

GE 00D 1), J r%

o 00 Dr E r%

The analysis of singular configurations has been performed also by means of numerical
simulations. Figure 17 shows the value of the determinant of the geometric Jacobian matrix,
normalised within the range [-1, +1] after division by the constant d3: the black regions are
characterised by determinant values in the range [-0,05, +0,05].All the singularity maps are

plot against the Fand Jangles, Dbeing a parameter of the representation; the configuration
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of the mechanism for £ =D is represented aside. Figure 18gplots the singularity surface in

the [ EJspace but it is a hardly readable graph. In Fig. 18b, on other hand, the workspace
volumes whose determinant assumes values in the range[-0,05, +0,05]have been taken out
of the representation, while the colour map still represents the local determinant value: it is
now more appreciable the extent of singularit y-free regions inside the workspace, Fig. 18c,
where the planning of a motion could be performed: e.g. for the mechanism under design a

sphere with a radius of about 50° can be internally inscribed.
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Fig. 16. Projection of direct kinematics singularity surface on several coordinate planes:
20° (a), 240°(b), B80°(c), £0°(d), #45°(e), £89°(f)
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@)

(b)

()

-1 -0.8

Fig. 17. Determinant of the geometric Jacobian matrix on the planes 20° (a), ZA0°(b),
B80° (c) and representation of manipulator configurations.

The sphere representation of singularity-free regions given in Fig. 18c is suggestive but it is
expressed in a space (the DE£J Cardan angles) whose geometrical meaning is rather
obscure. For many industrial tasks, on the other hand, it may be useful to use the spherical
parallel machine for orienting a device or a part within a possibly large 2-dimensional space,
identified by the axis of finite rotation, whil e the need for a further twist around the axis
itself may not be urgent or at least only limited rotations may be required. In this ca se, the
geometric Jacobian may be readily representedby a colour map on the surface of a unit
sphere. Figure 19, for instance, uses lighter colours to render higher determinant values
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