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Abstract
Vibration analysis has been widely used to diagnose gear tooth fault inside a planetary
gearbox. However, the vibration characteristics of a planetary gearbox are very complicated. Inside a planetary gearbox, there are multiple vibration sources as several sunplanet gear pairs, and several ring-planet gear pairs are meshing simultaneously. In
addition, due to the rotation of the carrier, distance varies between vibration sources and
a transducer installed on the planetary gearbox housing. Dynamics-based vibration signal
modeling techniques can simulate the vibration signals of a planetary gearbox and reveal
the signal generation mechanism and fault features effectively. However, these techniques
are basically in the theoretical development stage. Comprehensive experimental validations are required for their future applications in real systems. This chapter describes the
methodologies related to vibration signal modeling of a planetary gear set for gear tooth
damage diagnosis. The main contents include gear mesh stiffness evaluation, gear tooth
crack modeling, dynamic modeling of a planetary gear set, vibration source modeling,
modeling of transmission path effect due to the rotation of the carrier, sensor perceived
vibration signal modeling, and vibration signal decomposition techniques. The methods
presented in this chapter can help understand the vibration properties of planetary gearboxes and give insights into developing new signal processing methods for gear tooth
damage diagnosis.
Keywords: dynamic simulation, effect of transmission path, gear mesh stiffness, signal
decomposition, fault diagnosis

1. Introduction
Planetary gearboxes are widely used in military and industrial applications. For example,
they are main transmission components in military helicopters, wind turbines, and mining
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trucks as shown in Figure 1. Comparing with fixed-shaft gearboxes, planetary gearboxes can
afford higher torque load due to the load sharing among multiple gear pairs and generate
larger transmission ratio with equal or smaller volume.
Figure 2 illustrates the structure of a one-stage planetary gear set that is composed of a sun
gear, a ring gear, a carrier, and several planet gears. This planetary gear set can achieve multiple transmission scenarios as illustrated in Table 1. One transmission scenario can be selected
in real applications based on individual application requirements. A planetary gear set is
much more versatile in transmission scenarios comparing with a fixed-shaft gear set.
However, the versatility of planetary gearbox transmissions comes at a price: planetary gear
sets are much more complicated to design and analyze. In the afternoon of April 1, 2009, a
helicopter crashed into the North Sea and all 16 crew members died [1]. Later analysis concluded that this accident was caused by gear fatigue crack. Therefore, it is crucial to be able
to detect early fault of planetary gearboxes; otherwise, large economic losses or catastrophes
may occur. Vibration analysis, acoustic analysis, oil debris analysis, temperature analysis, and
strain analysis are common techniques in the condition monitoring of gearbox systems. In
this chapter, we only focus on the study of vibration analysis. Vibration analysis relies on the
analysis of vibration signals to detect faults in a planetary gearbox.
There are mainly two ways to detect planetary gearbox damages based on vibration analysis.
One way is to physically measure vibration responses of planetary gearboxes using vibration
sensors and then analyze these vibration signals using advanced signal processing techniques
to determine the health condition of planetary gearboxes [2–6]. Figure 3 gives an example
which is a planetary gearbox test rig located in the Department of Mechanical Engineering
of the University of Alberta. Four types of experiments were performed in this test rig: gear
tooth crack experiments, tooth pitting experiments, run-to-failure experiments, and various
load and speed experiments [2]. Planetary gear fault detection/classification techniques were
developed [3–6] by analyzing vibration signals collected from this experimental test rig. The
second way is to model system responses (vibration signals) of planetary gearboxes using
physical laws, like the Newton’s laws of motion and then analyze simulated vibration signals aiming to reveal the nature of fault symptoms. The simulated vibration signals do not
have the environmental noise interference. They can reveal fault features more easily than
the physically measured signals. However, environmental noise did exist in real applications.
The fault features revealed by the simulated signals may be submerged by the noise and

Figure 1. Applications of planetary gearboxes: (a) helicopter, (b) wind turbine, and (c) mining truck.
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Figure 2. Structure of a planetary gear set.

Option

Inputs

Output

1

Sun (carrier fixed)

Ring

2

Ring (carrier fixed)

Sun

3

Carrier (sun fixed)

Ring

4

Ring (sun fixed)

Carrier

5

Sun (ring fixed)

Carrier

6

Carrier (ring fixed)

Sun

7

Sun and carrier

Ring

8

Ring and sun

Carrier

9

Ring and carrier

Sun

Table 1 Transmission scenarios of a planetary gear set as given in Figure 2.

Figure 3. A planetary gearbox test rig located in the University of Alberta.
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become ineffective. Therefore, environmental noise effect should be considered before applying the fault detection techniques developed using the simulated signals. In this chapter, we
limit our focus on the second way of planetary gearbox modeling and fault diagnosis.
Three types of system responses can be obtained from analytical or numerical modeling of
planetary gearboxes. The first type analysis mainly focuses on gear nature frequency and
mode analysis [7–12]. The second type analysis is to analyze vibration properties of individual gears or dynamic forces of a gear pair among a planetary gear set [13–27]. In the first
two types of analysis, the effect of gear transmission path is not considered. Figure 4 illustrates three possible transmission paths for a vibration induced by a sun-planet meshing.
Due to the effect of transmission path, some vibrations may be attenuated or submerged in
the process of reaching a transducer located on the gearbox housing. Some researchers modeled the resultant vibration signals sensed by a transducer by considering multiple vibration
sources inside a planetary gearbox and the effect of transmission path [5, 28–33]. A planetary
gearbox has multiple vibration sources due to several sun-planet gear pairs and ring-planet
gear pairs are meshing simultaneously. The effect of transmission path is mainly induced by
the rotation of the carrier that causes the varying distance between a planet gear and a transducer mounted on the gearbox housing. The resultant vibration signals are the third type of
system response. In the real applications, we generally install transducers on gearbox housing
or bearing housing to collect vibration signals. Multiple vibration sources go through different transmission paths and reach the transducer. Therefore, it is important to consider both
multiple vibration sources and the transmission path effect in vibration signal modeling. In
this chapter, we focus on the modeling of resultant vibration signals of a planetary gearbox.
An improved lumped parameter model [31] is used to simulate gearbox vibration source signals. This model is similar to the one reported in Ref. [7] with three distinctions: (1) the planet
deflections are described in the horizontal and vertical coordinates, (2) both the gyroscopic
force and the centrifugal force are incorporated, and (3) more accurate physical parameters
are adopted. In addition, a modified Hamming function is used to model the effect of transmission path. This model is an improvement of widely used Hamming model [5, 28, 29]. The
procedures to obtain resultant vibration signals are summarized in Figure 5. In the end, a new
signal decomposition technique is used to enlarge gearbox fault signatures based on analysis
of simulated vibration signals.

Figure 4. Transmission paths [5].
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Figure 5. Procedures to obtain resultant vibration signals.

In this chapter, we present detailed procedures of modeling resultant vibration signals of a
planetary gearbox with tooth damages and vibration signal decomposition techniques for
fault diagnosis. Some challenges are described and analyzed. The remaining part of this chapter is organized as follows. In Section 2, a dynamic model is illustrated to simulate vibration
source signals of a planetary gearbox. In Section 3, the methods to evaluate model parameters are described. In Section 4, the modeling of transmission path effect is given. Section 5
presents simulated vibration signals and fault symptoms. Section 6 describes vibration signal
decomposition techniques for gear tooth damage diagnosis. Section 7 draws a summary and
points out future research topics in dynamics-based vibration signal modeling and fault diagnosis of planetary gearboxes.

2. Dynamic modeling for simulation of vibration source signals
Planetary gearbox transmission systems are complex, and it is hard to consider all details of
the transmission. As a result, people simplify the problem as much as possible while retaining all of the important and relevant features. A gearbox transmission can be modeled as
a lumped system or a distributed system. A lumped system is simpler than a distributed
system. A distributed system may be able to cover more details of a gearbox transmission,
but its governing equations are hard to solve. The dependent variables of a lumped system are functions of time alone, and in general, the equation of motions is represented by
ordinary differential equations. By contrast, the dependent variables of a distributed system
are functions of time and one or more spatial variables, and the equation of motions can
only be expressed by partial differential equations. Generally, the more details covered for
a gearbox transmission system, the more complicated the equation of motions. Analytical
solutions to complicated differential equations are hard to obtain. Numerical methods are
mostly applied to solve them. However, four types of errors may be induced using numerical methods: round-off error, truncation error, accumulated error, and relative error [34]. It is
time-consuming to solve complicated differential equations and sometimes it is even impossible to get a proper solution. Therefore, it is a trade-off between details to be covered and
computation difficulties.
Figure 6 gives a typical modeling of a planetary gear set [30]. It is a 2D lumped parameter
model. Each gear has three degrees of freedoms: angular rotation and transverse motions in
the x- and y-directions. The gear mesh interface is modeled as a spring-damper system. Each
bearing is also modeled as a spring-damper system. Other practical phenomena such as gear
transmission error, backlash, tooth friction, gear shaft effect, gearbox housing effect, and gear
misalignments are not considered in that model, but these can be selectively supplemented
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Figure 6. Modeling of a planetary gear set [30].

according to individual future research of interest. The model reported in Ref. [30] is used
directly in this chapter to simulate vibration source signals of a planetary gearbox. The governing equations for this model are available in Ref. [30]. The vibration source signals will be
illustrated later in Section 5.

3. Evaluation of physical parameters
For the dynamic model given in Figure 6, governing equations are available in Ref. [30]. But,
several physical parameters in this model need to be evaluated before solving these equations, for example, gear mesh stiffness and damping, bearing stiffness and damping, and gear
moment of inertia.
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The most important one physical parameter is gear mesh stiffness. There are basically two
ways to evaluate gear mesh stiffness: finite element method (FEM) and analytical method
(AM). FEM is flexible to model any shaped gear and gear fault, but it is sensitive to contact tolerances, mesh density, and the type of finite elements selected. As the increase of mesh density,
the numerical accuracy is improved, but the computation cost goes up. To reduce computation
cost of FEM, Parker et al. [35] and Ambarisha and Parker [8] developed a combined element/
contact mechanics model in gear mesh stiffness evaluation. Liang et al. [36] used linear finite
element analysis to save computation cost in gear mesh stiffness evaluation. AM assumes a
gear tooth as a nonuniform cantilever beam and beam theories are applied to evaluate gear
mesh stiffness. AM has higher computational efficiency than FEM. But, AM is hard to model
shape-complicated gear teeth and some gear faults. Potential energy method is one popular
AM. This method has been used to evaluate mesh stiffness of perfect gears [37, 38], gears with
crack [39–45], gears with a single tooth pit/spalling [46, 47], gears with multiple tooth pits [36],
gears with a chipped tooth [39], gears with tooth plastic inclination deformation [19], gears
with tooth profile modification [48], and gears with carrier misalignment errors [22].
In this section, the potential energy method used in Ref. [43] is illustrated to evaluate the
mesh stiffness of a planetary gear set in healthy and cracked tooth conditions. The gear
tooth is modeled as a nonuniform cantilever beam starting from gear base circle. The total
energy stored in a pair of meshing gears is considered to be the summation of Hertzian contact energy, bending energy, shear energy, and axial compressive energy that corresponds to
Hertzian contact stiffness, bending stiffness, shear stiffness, and axial compressive stiffness,
respectively. When a gear tooth crack occurs, the effective tooth length, the area, and area
moment of tooth sections of a cracked tooth are different from that of a perfect tooth, which
leads to the gear mesh stiffness reduction. In Ref. [43], the gear tooth crack path is modeled
in a straight line shape starting from the critical area of tooth root as shown in Figure 7. The
critical area is around the maximum principle stress point at the tooth root. The equations for
Hertzian contact stiffness (kh), bending stiffness (kb), shear stiffness (ks), and axial compressive
stiffness (ka) are derived and available in Ref. [43]. These equations are expressed as a function
of gear rotation angle (given gear geometry, material information, and crack information).
Users can use these equations directly to evaluate gear mesh stiffness even though they are
not familiar with beam and/or gear meshing theories. The total effective mesh stiffness kt can
be obtained as follows:
m

1
kt = ∑ _______________________
1 ___
1
1
1
1
1
1
___
___
___
____
___
___
i=1

kh,i

+k +k +k +k +k +k
b1,i
s1,i
a1,i
b2.i
s2,i
a2,i

(1)

where i represents the ith pair of meshing teeth and the subscripts 1 and 2 denote the driving
gear and the driven gear, respectively.
Figure 8 summarizes the steps to obtain mesh stiffness of a planetary gear set. First, the mesh
stiffness of a pair of sun-planet gears (a pair of external gears) and a pair of ring-planet gears
(a pair of internal gears) should be evaluated using the potential energy method, respectively.
Then, by incorporating gear mesh phase relationships [49], the mesh stiffness of other sunplanet gear pairs and ring-planet gear pairs can be obtained.
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Figure 7. Tooth crack modeling.

Figure 8. Steps to obtain mesh stiffness of a planetary gear set [31].
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Table 2 gives the physical parameters of a planetary gear set. Figure 9 illustrates the mesh
stiffness of one sun-planet gear pair and one ring-planet gear pair of this planetary gear set
using the method given in Ref. [43]. Two health conditions are given: perfect condition and
4.3 mm tooth crack condition. This crack length is illustrated in Figure 7. The tooth crack is in
the planet gear (ring side). Under this scenario, the mesh stiffness of the sun-planet gear pair
is assumed not to be affected by this planet gear tooth crack [43], while the mesh stiffness of
the ring-planet gear pair reduces.
Parameters

Sun

Planets (4, equally spaced)

Ring

Number of teeth

19

31

81

Module (mm)

3.2

3.2

3.2

Pressure angle

20

Mass (kg)

0.700

1.822

5.982

Face width (m)

0.0381

0.0381

0.0381

Young’s modulus (Pa)

2.068 × 1011

2.068 × 1011

2.068 × 1011

Poisson’s ratio

0.3

0.3

0.3

Base circle radius (mm)

28.3

46.2

120.8

Root circle radius (mm)

26.2

45.2

132.6

Reduction ratio

5.263

Bearing stiffness

ksx= ksy= krx= kry=kcx=kcy= kpnx= kpny= 1.0 × 108 N/m

Bearing damping

csx= csy= crx= cry= ccx= ccy= cpnx= cpny= 1.5 × 103 kg/s

ο

20

ο

Table 2. Physical parameters of a planetary gear set [30].

Figure 9. Mesh stiffness in perfect and cracked tooth conditions.

20

ο
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Similar methodology can be used to evaluate the effect of other gear faults like tooth pitting
[36] on the mesh stiffness of a pair or gears. While many studies have been performed to
evaluate gear mesh stiffness, the studies on the evaluation of gear mesh damping, bearing
stiffness, and damping are rare. Gear mesh stiffness is assumed to be constant or proportional to gear mesh stiffness [40]. Bearing stiffness and damping are mostly assumed to be
constant [30].

4. Modeling of transmission path effect
In Figure 4, three transmission paths are illustrated. However, most researchers only considered and modeled the effect of transmission path 1 since it has a shortest distance between
vibration sources and the transducer. All researchers assumed that with the rotation of the
carrier, the influence of a planet on vibration signals perceived by a transducer mounted on
the gearbox housing reached its maximum when this planet was closest to the transducer;
then this planet’s influence decreased as the planet went away from the transducer. The transmission path effect model is assumed to be independent of gear fault modes. It can be used
for gear tooth crack, pitting, spalling, wear, and so on. A Hanning function was used in Refs.
[28, 29], and a Hamming function was used in Refs. [32, 50] to represent the effect of transmission path. A modified Hamming function with adjustable window bandwidth was proposed
in Ref. [30]. Liu et al. [33] used the modified Hamming function to model the transmission
path along the casing and also proposed two constants to represent the transmission path
inside the casing. In this study, the modified Hamming function reported in Ref. [30] is used
to represent the effect of transmission path. The resultant vibration a(t) is modeled as the summation of weighted vibration of each planet gear as follows:
a(t) = ∑ Nn=1 e a(mod(w t+φ,2π)−π) Hm(t) an(t)
2

c

(2)

where N represents the number of planet gears, wc denotes carrier rotation speed, φ represents
circumferential angle of the nth planet gear, Hm(t) is the Hamming function, an(t) represents
the acceleration signal of the nth planet gear, and the parameter a is used to control bandwidth
of a Hamming function.

5. Vibration signal analysis and fault symptoms
Figure 10 gives the vertical acceleration signals of a single planet gear under healthy and
cracked tooth conditions. The large spikes on this figure are generated by the meshing of the
cracked tooth. The angular interval of these large spikes is 31 θm where θm represents the rotation angle of a planet gear in one tooth mesh period. The ring gear has 81 teeth, and therefore,
in one revolution of the carrier, a planet gear’s angular displacement is 81 θm.
Figure 11 shows the resultant vibration signals of a planet gearbox obtained using Eq. (2).
Amplitude modulation can be observed from resultant vibration signals because four planet

Dynamics-Based Vibration Signal Modeling for Tooth Fault Diagnosis of Planetary Gearboxes
http://dx.doi.org/10.5772/67529

Figure 10. Vibration of a single planet gear.

Figure 11. Resultant vibration of a planetary gearbox [31].
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gears pass through the transducer sequentially in one revolution of the carrier and their effects
on resultant vibration signals vary according to their locations. The amplitude of resultant
vibration signals is smaller than that of a single planet gear because some vibration signals are
attenuated during transmission. The amplitude of large spikes generated by the cracked tooth
varies largely because the signal attenuation is not uniform. The farther between a planet gear
and a transducer, the larger signal attenuation for this planet gear.
Similarly, for other types of planetary gear faults, the resultant vibration signals can be simulated by considering both vibration source signals and the effect of transmission path. The
vibration source signals are related to gear faults by a dynamic model. The transmission path
effect model is irrelevant with gear faults.

6. Vibration signal decomposition for fault diagnosis
From Figure 11, we can see that the time duration of large spikes generated by the cracked
tooth is very short. These large spikes are not such obvious in experimental signals because
of noise pollution [31]. Actually, they are very weak according to the experimental findings
in Ref. [30, 31]. Therefore, people proposed signal decomposition techniques to enlarge the
fault symptoms generated by a damaged gear tooth. In Ref. [51], McFadden used a window
function to sample the vibration signals of a planetary gearbox when the planet gear of
interest was passing the transducer and then the signal samples were mapped to the corresponding teeth of the sun gear or a planet gear to construct the vibration signals of the sun
gear or a planet gear. The decomposed signal reduces the interference from other gear vibrations and emphasizes the fault symptoms of the gear of interest. Liang et al. [31] proposed
another windowing and mapping strategy to generate the vibration signal of each tooth of
the planet gear of interest. If a planet gear has N teeth, the resultant vibration signal can be
decomposed into N subsignals. Each subsignal corresponds to one tooth. Examining the
differences of these N subsignals, the health differences of these N teeth can be measured.
The detailed signal decomposition techniques will not be described in detail in this chapter
as they are available in the published papers [31, 51]. Figure 12 illustrates the effectiveness of the windowing and mapping strategy proposed in Ref. [31]. Figure 12(a) gives the
resultant vibration signal of a planetary gearbox with a single tooth crack on a planet gear.
Figure 12(b) and (c) illustrate the decomposed vibration signals according to a perfect tooth
and the cracked tooth, respectively. More obvious fault symptoms can be observed from
Figure 12(c) than the original resultant vibration signal as shown in Figure 12(a). Examining
the differences between Figure 12(b) and (c), it is easy to tell that Figure 12(c) is generated
by a cracked tooth.
This vibration signal decomposition technique [31] is able to identify the tooth health condition differences. If some teeth are in healthy condition while others are in damaged condition,
this method will be effective for fault diagnosis. In an extreme case, if all gear teeth have the
same damage severity, like evenly distributed pitting, this method will be ineffective as there
is no difference between the health conditions of teeth.
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Figure 12. Vibration signal decomposition of a planetary gearbox [31]: (a) resultant vibration signal, (b) decomposed
signal for a perfect tooth, and (c) decomposed signal for a cracked tooth.

7. Summary and future work
This chapter describes techniques for dynamics-based vibration signal modeling and fault
diagnosis of planetary gearboxes. The planetary gearbox vibration signal modeling contains
two parts: the simulation of vibration source signals and the modeling of transmission path
effect. The current research status and challenges of dynamic modeling-based fault diagnosis
are introduced. In the example given in this chapter, vibration source signals are obtained
by a lumped parameter dynamic model, the gear fault is reflected by the time-varying mesh
stiffness which is evaluated using the potential energy method, and the effect of transmission path is modeled using a modified Hamming function. Other window functions are also

187

188

Fault Diagnosis and Detection

described to model the effect of transmission path. However, further researches to test and
validate these window functions are required. In the end, vibration decomposition techniques
are briefly described for gear tooth damage diagnosis. Comparing between the raw signal
and the decomposed signal, we can find that the signal decomposition technique can enlarge
gearbox fault symptoms and facilitate fault diagnosis.
Based on the research scope of this chapter, the following perspectives are suggested for
future consideration:
(1) Mesh stiffness evaluation with crack/pitting in multiple teeth.
(2) Mesh stiffness evaluation with multiple fault modes.
(3) Experimental validation of methods in evaluating gear mesh stiffness.
(4) Gear mesh damping evaluation.
(5) Bearing stiffness and damping evaluation.
(6) Time-varying load or random load effect on the vibration signals.
(7) Experimental validation of models for transmission path effects.
(8) Effects of noises from internal and/or external sources.
(9) Dynamic and vibration properties of gearboxes with multiple faults (multiple fault
locations and/or multiple fault modes).
(10) Development of fault diagnosis techniques based on the understanding of vibration
properties.
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