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1. Introduction
The estimate of the surface fluxes of momentum, sensible heat, and water vapor over the
ocean is important in numerical modeling for weather forecasting, air quality modeling,
environmental impact assessment, and climate modeling, which, in particular, requires
more accurate flux calculations. The accuracy of flux calculations depends on an
important parameter: the surface roughness length. More than five decades ago Charnock
(1955) formulated the surface roughness length over the ocean, relating the sea-surface
roughness to wind stress on the basis of dimensional argument. Even now the Charnock
wind stress formula is widely used. However, in the free convection limit, the horizontal
mean wind speed and the wind stress approach zero, therefore the friction velocity also
approaches zero; in this condition, the Charnock wind stress formula is no longer
applicable and the Monin-Obukhov similarity theory (MOST) has a singularity; MOST
relies on the dimensional analysis of relevant key parameters that characterize the flow
behavior and the structure of turbulence in the atmospheric surface layer. Thus, in the
conditions of free convection, the traditional MOST is no longer valid, because the surface
roughness length also approaches zero. In numerical modeling, the surface fluxes, wind,
and temperature in the surface layer are important, because they are used as lower
boundary conditions.
In the Charnock formulation of surface roughness, two important physical processes were
not considered: one is the free convection and the other is the swell. Swell is the long gravity
waves generated from distant storms, which modulate the short gravity waves. To date the
formulation of the effect of swell on the aerodynamic roughness length has not been
theoretically developed. Thus, the purpose of this study is to modify the Charnock wind
stress relation to include the effects of the free convection and the swell on the surface
roughness length. A formula of the surface roughness length that relates to the convective
velocity is proposed by Abdella and D’Alessio (2003). However, in this study, the alternative
approaches, which are much simpler than the Abdella and D’Alessio derivation, are used to
derive the surface roughness length, which takes into account the effects of the free
convection. The convective process is important in affecting the air-sea transfer of
momentum, sensible heat, and water vapor, especially at very light winds. Businger (1973)
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suggested that under the conditions of free convection and in the absence of the horizontal
mean wind, averaged over the horizontal area, a local wind profile still exists. This wind
profile is generated by the convective circulations in the atmospheric boundary layer and,
hence, we can observe a wind stress and a shear production of turbulent energy near the
surface. As a consequence of the convective circulations, it will induce the “virtual”
horizontal stress, the so-called convection-induced stress, which contributes to the increase
of the surface roughness. Figure 1 illustrates the concept of convective circulations over the
ocean.

Fig. 1. The figure shows the large scale circulations associated with the convective activities.
a. Near Calm or weak wind convection, b. Free Convection. Where zi is the mixed-layer
height, h the surface layer (inner layer), ū the mean wind speed, u* the friction velocity,
w* the convective velocity, the wind stress, the potential temperature, H the sensible heat
flux, u the standard deviation of the horizontal mean wind speed, u*f the induced friction
velocity, and u’(x, t) the horizontal velocity fluctuations induced by large eddies in
connection with the large scale convective circulations.
In free convection, the velocity should be scaled by the convective velocity as proposed by
Deardorff (1970) rather than by the friction velocity. The convective velocity is an important
scaling parameter in the study of the atmospheric convection. Therefore, in this paper, we
introduce a new velocity scale that is a combination of the friction velocity and the
convective velocity. This velocity scale is equal to the total friction velocity. With the use of
this velocity scale to obtain the surface roughness length, the singularity in the traditional
MOST is avoided. In general, the surface roughness length also depends on the sea state and
can be expressed in terms of friction velocity, convective velocity, air viscosity, and wave
age. The effect of the wave-induced stress or swell on the surface roughness is also
investigated in this paper.
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In the free convection limit, Abdella and D’Alessio (2003) found that the Charnock relation
substantially underestimates the value of the momentum roughness. To remedy this, they
proposed a sea surface roughness formula for zo by including a convective velocity in the
Charnock relation as
zo =

α
g

(u

2
*

)

+ γ a w*2 ,

(1)

where the parameter is the Charnock constant, which also depends on the wave age, g is
the acceleration of gravity, u* is the friction velocity (The squared value of friction velocity is
related to wind stress, τ/ρa= u*2, where ρa is the density of air), w* is the convective velocity
(as defined below in Eq. (27); the convection velocity is also used in the literature), and γa is
an empirical constant. Eq. (1) reduces to the Charnock relationship if the convective velocity
is neglected.
In this paper, we propose an alternative approach for the parameterization of roughness
length, zo, for flow over the sea in forced and free convection (forced convection is without
buoyancy forces), which is expressed as
zo =

α
g

(

u*3 + γ w*3

)

2
3

,

(2)

where γ is an empirical constant. Equation (2) is similar to that of the roughness length
proposed by Abdella and D’Alessio (2003) as shown in Eq. (1). However, in the limiting
conditions Eq. (1) and Eq. (2) are identical.
In this paper, first we provide necessary background information about MOST in Section 2
and about the bulk formulations for the surface fluxes of momentum, heat, and water vapor
in Section 3. Then, two alternative approaches are used to derive the surface roughness
length as given in Eqs. (1) and (2) in Section 4. The first approach is based on the Prandtl
mixing length theory and the standard deviation of the vertical velocity component to
derive a new velocity scale that is applicable to the conditions of free convection. The second
approach is to use the standard deviations of the horizontal velocity fluctuations induced by
large eddies in connection with the large scale convective circulations to derive the
relationship between surface roughness and the convective velocity, which is consistent
with the concept of gustiness proposed by Businger (1973) (also see Schumann, 1988; Sykes
et al., 1993).
The swell may also alter the surface roughness. Thus, in this paper, the Charnock wind
stress relation including the effect of swell is derived theoretically for the first time.
The background information about MOST is provided in the following section.

2. The Monin-Obukhov similarity theory
The Monin-Obukhov similarity theory is based on dimensional analysis, which basically states
that the flow is in quasi steady state over the horizontally homogeneous surface. And the
vertical profiles of the horizontal mean wind and temperature, and the characteristics of
turbulence in the atmospheric surface layer can be described as a universal function of relevant
parameters, including the height above the surface, the surface wind stress, the buoyancy
parameter, and the surface heat flux. In the atmospheric surface layer, the vertical variations of
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surface fluxes are within 10%. This surface layer is also called the constant stress layer or
constant flux layer; the wind stress is aligned with the direction of the horizontal mean wind.
According to the well-known Monin-Obukhov similarity theory (MOST) (Monin-Obukhov,
1954), the non-dimensional profiles of wind shear, φ m, temperature gradient, φ h, and
moisture gradient, φ q, are expressed as:

kz ∂u
z
= φm   ,
u* ∂z
 L

(3)

kz ∂θ
z
= φh   ,
θ * ∂z
 L

(4)

kz ∂q
z
= φq   .
q* ∂z
 L

(5)

In the above equations, it states that in the atmospheric surface layer, the non-dimensional
wind shear, and temperature and moisture gradients can be expressed as a universal
function of the atmospheric stability parameter, z/L, where L is the Monin-Obukhov stability
length (as defined in Eq. (8-1)). And where * and q* are the temperature and moisture scales,
respectively, defined as

θ* = −

w'θ '
u*

(6)

q* = −

w'q'
u*

(7)

Where u , is the horizontal mean wind speed; θ , is the mean potential temperature; q , is
the mean specific humidity; k is the von Kármán constant (k=0.4); w′θ ′ is the surface
kinematic heat flux; w′q′ is the moisture flux, and L is the Monin-Obukhov stability length
(also called Obukhov length (Obukhov,1946)) defined as

θvu*3

L=−
kg

( )

,

(8-1)

w'θv'

or
L=−

T (1 + 0.61q )u*2
,
kg[θ * + 0.61Tq* )

(8-2)

where T is the temperature, and ν is the virtual temperature. Eq. (8-1) and Eq.(8-2) are equal
to each other; Eq.(8-2) is expressed in terms of the scaling parameters, , u*, *, and q*.
For practical applications, we assume the following flux-profile relations (see Huang, 1979):

φh = φq = φm2 , z/L < 0 for unstable conditions
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where φ h(z/L) is the non-dimensional function of temperature gradient.
Based on various meteorological experiments, different forms of the universal function for
φ m(z/L) have been proposed. For example, the universal function for the non-dimensional
wind shear φ m(z/L) empirically obtained from the observational data (Dyer, 1974; also see
Huang, 1979) can be expressed as:
z
 

z

φm   = 1 + α 1
L
L

z/L ≥ 0 for stable conditions

(10-1)

−β

1
z 
 z 
(10-2)
, z/L < 0 for unstable conditions
  
 
where the values of 1 = 5, 2 = 16 and 1 = 1/4 are recommended by Dyer (1974) for unstable
conditions. Other values of 2 = 7 and 1 = 1/3 for unstable conditions are given by Troen
and Mahrt (1986) and others.
In general, the function of φ h(z/L) can be expressed as (Hogstrom, 1998; Wilson, 2001):

φm   =  1 − α 2   
L
L




φh = Prt  1 + β h
= Prt

z

L

z/L ≥ 0 for stable conditions

z/L= 0 for neutral conditions

z

= Prt  1 − γ h 
L


−

1
2

(11-2)

z/L< 0 for unstable conditions

Where h and h are empirical constants and the values of h and
respectively. Prt is the turbulent Prandtl number and is defined as
Prt =

Km
.
Kh

(11-1)

h

(11-3)

are equal to 5 and 16,

(11-4)

Where Km and Kh are exchange coefficients (or eddy diffusivities) for momentum and heat,
respectively. The turbulent Prandtl number for neutral stability, Prt, is equal to 0.95 .

3. Fluxes of momentum, heat, and moisture
The standard bulk formulations for the surface fluxes of momentum ( ), heat (H), and
moisture (E) can be expressed as
2
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τ = ρaCd ( us − ur ) = ρ au*2 ,

(12)

H = ρa c paCh ur ( Ts − θ ) = − ρa c pau*θ *

(13)

E = ρa LeCeur ( qs − q ) = − ρau* q* .

(14)
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Where ρa is the air density, cpa the specific heat of air at constant pressure, ur the mean wind
speed at the reference height zr above the sea surface, us the speed of surface current, Ts the
skin temperature, qs the saturation specific humidity at the sea surface, and Le the latent heat of
water vapor. The Cd, Ch, and Ce are the bulk transfer coefficients for wind stress or momentum,
sensible heat, and latent heat, respectively. The typical values of the bulk transfer coefficients
are about 0.001 at the reference height of about 10 m. For the ease of computation, these
transfer coefficients can be further partitioned into individual components and written as
analytical functions that depend on the atmospheric stability parameter (z/L) as

Cd = Cd1/2Cd1/2 =

Ch = Cd1/2CT1/2 =

Ce = Cd1/2Cq1/2 =

Cdn
1/2
 Cdn
 z 
−
1
ψ m  

k
 L  


2

,

1/2 1/2
Cdn
Chn
,
1/2
1/2
 Cdn
 z    Chn
 z 
ψ m    1 −
ψ h  
1 −
k
k
 L   
 L  


1/2 1/2
Cdn
Chn
.
1/2
1/2
 Cdn
 z    Cqn
 z 
ψ m    1 −
ψ q  
1 −
k
k
 L   
 L  


(15)

(16)

(17)

These components can be expressed on the basis of the Monin-Obukhov similarity theory as
functions of reference height, z, surface roughness length (zo for momentum, zoT, for heat, and
zoq for water vapor), and the Monin-Obukhov length, L, defined in Eq. (8). For more detailed
information on the functional expressions of the bulk transfer coefficient, refer to texts such as
Garratt (1992) or Stull (1997). Where ψm (z/L), ψh(z/L), and ψq(z/L) are the similarity functions,
which are given in Eq. (19) to (21) below. It is usually assumed that there is similarity between
water vapor and heat transfer, which implies that ψh(z/L) = ψq(z/L).
For example, the bulk transfer coefficient of momentum or the wind profile can be
expressed as (see Paulson, 1970; Huang 1979)
2

k2
u 
Cd ≡  *  =
.
2
u
  z 

 ln   − ψ m 
  zo 


(18)

Where the similarity function ψm (z/L) in Eq. (15) or (18) is given as

ψ m = ψ h = −5

z
L

for z/L ≥ 0

 1 + x2 
π
1+ x
−1
+
for z/L<0
ln

 − 2 tan ( x ) +

2
 2 
 2 

ψ m = 2 ln 
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and the function ψh (z/L) in Eq. (16) is given as
 1 + x2 
 for z/L<0
2



ψ h = 2 ln 

(21)

where
z

x =  1 − 16 
L


1/4

for z/L < 0

Under neutral conditions, that is when z/L approaches 0, the transfer coefficients in Eqs.
(15) – (17) become
1/2
Cdn
=

1/2
Chn
=

1/2
Cqn
=

k
,
 zr 
ln  
 zo 
k
 z 
ln  r 
 zoT 

k
 z 
ln  r 
 zoq 



(22)

,

(23)

.

(24)

Where zoT and zoq are roughness lengths for heat and water vapor, respectively.

4. Relationship between the friction and convective velocity
Two approaches are used here to derive the relationship between the induced friction
velocity and the convective velocity. These approaches are based on the Prandtl mixing
length theory and the turbulent velocity fluctuations, which are described in the following
sections.
4.1 Prandtl mixing length theory and velocity scale
In this section, we use the Prandtl mixing length theory and the standard deviation of the
vertical turbulent velocity to derive the surface roughness length that includes the effect
of free convection on the surface roughness length. The Prandtl mixing length theory has
also been used to derive the Abdella and D’Alessio formula in Eq. (2) (also see Huang,
2009).
According to MOST, the standard deviation of the vertical turbulent velocity component
(w’), w = √(w’)2 , in the surface layer can be described by:

z
= φw   ,
u*
 L

σw
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In Eq. (25), φw is a non-dimensional function, which depends only on the height, z, and the
Monin-Obukhov stability length, L.
The similarity function for the vertical turbulent velocity postulated by Wyngaard and Cote
(1974) and suggested by Panofsky et al. (1977) can be expressed as
1

z 3

= 1.25  1 − 3  .
u*
L


σw

(26)

Equation (26) is based on the similarity theory and observational data. Under the conditions of
free convection, buoyancy is the driving force, which, through the free convection in connection
with the large-scale convective circulation, induces the horizontal motions (see Fig. 1).
The following, through the Prandtl mixing length theory, shows that the standard deviation
of the vertical turbulent velocity is related to the total horizontal wind stress.
The convective velocity scale, w*, is expressed by Deardorff (1970) as
1
3

g

w* ≡  H ozi 
T


1

 z 3
=  − i  .u* .
 kL 

(27)

Where T is the temperature of air, Ho is the surface heat flux, and zi is the depth of the mixed
layer. The appropriate scaling parameters for the mixed-layer similarity are the convective
velocity, w*, and the mixing height, zi.
By using the definition of the convective velocity, w*, in Eq. (27), Eq. (26) becomes

σ w = 1.25

(

u*3

1
3 3
+ γ w*

)

,

(28)

where is an empirical constant. It also can be specified as = 3k and ε = z/zi, the ratio of
the surface boundary layer to the mixed-layer height, where k is the von Kármán constant
and is commonly specified to be 0.1 (Troen and Mahrt, 1986).
In the limit of free convection, the friction velocity approaches zero and the component of
vertical turbulent velocity, w, in Eq. (28), becomes
2

σ w = w ' = 1.25γ

1
3w
*

≈ 0.6 w* .

(29)

From Eq. (29), we obtain the value of 0.11 for . If we set the value of ε = 0.1, then we obtain
the value of 0.12 for in Eq. (28).
According to the Prandtl mixing length theory, the eddy diffusivity for momentum can be
written as
K m = Ckzσ w ,

(30)

where C is a constant to be determined and Km is related to the wind stress by definition.
Substituting Eq. (28) into Eq. (30), we obtain

(

K m = C′kz u*3 + γ w*3
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where C′ is a constant. Under the neutral condition, C′ is equal to 1. Therefore, Eq. (31)
becomes

(

K m = kz u*3 + γ w*3

)

1
3

.

(32)

From the above equation, now for convenience, we define a new velocity scale, ws, as

(

ws = u*3 + γ w*3

)

1/3

.

(33)

K m = kzu * = kzws ,

(34)

Then Eq. (32) becomes

where u * is the total friction velocity.
Therefore, from Eqs. (33) and (34), the total stress or the square of friction velocity, u * , can
be written as
u *2

=

(

u*3

2
3 3
+ γ w*

)

.

(35)

Eq. (35) shows that the free convection represented by the convective velocity, w*, will
induce the surface stress, τ = ρ u 2* , as proposed by Businger (1973). Eq. (35) can be used to
calculate the surface roughness length. The Abdella and D’Alessio derivation of the
roughness length formula is much more complicated and involves more assumptions
(Abdella and D’Alessio, 2003). The present derivation confirms the Abdella and D’Alessio
formulation (see Eq. (1)) and is much simpler than their derivation.
The above approach is consistent with the concept of gustiness produced by large eddies in
connection with the convective circulation (see Fig. 1, Schuman, 1988, and Sykes et al. 1993
for details). In the following section, we derive the relationship between the convectioninduced wind stress and the convective velocity using this concept.
4.2 Horizontal velocity variance and gustiness
In this section, the horizontal turbulent velocity representing the gustiness is used to obtain
the relationship between the convection-induced stress and the convective velocity, which in
turn can be used to estimate the surface roughness length.
In convective conditions, it has been found that the gustiness, the large-scale turbulence,
will enhance the wave growth and the energy transfer from wind to wave (see Janssen,
1989).
In free convection conditions, the fluctuations of the horizontal wind velocity are controlled
primarily by the large-scale convective circulations in the convective boundary layer (CBL)
(see Fig. 1). Therefore, the relationship between the standard deviations of the horizontal
turbulence components and the convective velocity can be expressed as (e.g., see Fairall et
al., 1996)

σ u2 + σ v2 = β 2 w*2 ,
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where the gustiness parameter
is an empirical constant, u and v are the standard
deviations of horizontal turbulent velocity components, respectively, and w* the convective
velocity. A value of (=1.25) was determined from the Moana Wave measurements of the
horizontal velocity variances (Fairall et al. 1996). However, according to Businger (1973), in
the limit of free convection, as the mean “friction velocity”, u* (or the mean wind stress,
ρau*2), and the horizontal mean wind speed, averaged over an area, approach zero, close to
the ground, the fluctuations of horizontal velocity induced by the large-scale convective
circulations locally promote a convection-induced stress. The standard deviations of
horizontal turbulent velocity components that represent the fluctuations of horizontal wind
speed will produce the horizontal-induced wind stress. Under convective conditions, the
standard deviation of horizontal turbulent velocity is related to the surface friction velocity
(see e.g., Monin-Yaglom, 1971; Businger, 1973); therefore, we express the relation between
the velocity variances and the convection-induced friction velocity u*f or the velocity scale
( ws = u*f) as

σ u2 + σ v2 = β 2 u*2 f ,

(37)

where 2 is an empirical constant. For example, under convective conditions, the velocity
variances are estimated to be u/u*f ≈ 2.1 and v/u*f ≈ 2.0 for the Monin-Obukhov stability
parameter of z/L = - 0.6 (see Monin and Yaglom , 1971); therefore, in this case, we obtain a
value of 2 = 8.41. This value is used in this study.
From Eqs. (36) and (37), we have the convection-induced stress ( τ f = ρ u*2 f ) as
u*2 f =

β2 2
w* = γ 'w*2 ,
β2

(38)

where ’ is an empirical constant and is estimated to be ’ = 2/ 2 = 0.19 from Eq. (38), the
value of ’ (= 2/3 = 0.23) has also been estimated above in Section 4.1. Eq. (38) is consistent
with the concept of gustiness proposed by Businger (1973) and others (Schumann, 1988;
Sykes et al., 1993). Under strong convection conditions, the production of turbulent energy
due to buoyancy force is more effective than the shear production of turbulent energy. That
is, under free convection, the convective velocity is an important scaling parameter that has
been recognized by Deardorff (1970).

5. Effective total stress
Over ocean waves, the effective total stress, eff , above the sea surface can be partitioned into
four parts: turbulent shear stress, t; wave-induced stress, w; convection-induced stress, f;
and viscous stress, ν. Thus the effective total stress is defined here as:

τ eff ( z , zi ) = τ t ( z) + τ w ( z) + τ f ( zi ) + τ v ( z) .

(39)

In the above equation, the effective total stress is a function of height, z, above the sea
surface and the mixed layer height, zi, in the atmospheric boundary layer. The third term on
the right-hand side of Eq. (39) has not hitherto been considered. That is under the free
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convection and in the absence of swell, eff is equal to f (i.e., eff = f). The value of the
convection induced stress is equal to f /ρa = ’w*2 = 0.2 if we set ’ =0.2 and w* = 1.
The momentum flux corresponding to each term in Eq. (39) can be written in the form:
u*2eff = u*2t + u*2w + u*2 f + u*2ν .

(40)

Omitting the convection-induced stress, f, in Eq. (39), the effective total stress reduces to
(see Phillips, 1966, p. 93):

τ (z) = τ t (z) + τ w (z) + τ v (z) .

(41)

On the basis of the conservation of momentum flux in the marine atmospheric surface layer,
the total stress is independent of height, i.e., one assumes that the flow is in a steady state,
with horizontal homogeneity in the surface boundary layer (see e.g., Phillips, (1966); Janssen
(1991); the WAM model). It is commonly assumed that the total stress (both turbulent and
wave momentum and energy) is constant in the atmospheric surface layer, which is usually
considered as about the lowest 10 – 30 m above the sea surface.

Fig. 2. Distribution of turbulent stress, viscous stress and wave-induced stress as a function
of height. The contribution of viscous stress is not shown because it is smaller than 5%.
(From Janssen, 1989).
Figure 2 shows the distribution of turbulent stress, viscous stress and wave-induced stress
as a function of height, the change of each term in Eq. (41) with height. According to Phillips
(1966), the viscous stress can be neglected, except possibly very near the water surface. The
wave-induced stress is important only in the wave boundary layer (WBL; see Janssen, 1989).
Near the water surface, the wave-induced stress would be significant; however, it decays
rapidly with height in the surface layer. Well above the water surface, the wave-induced
disturbance vanishes (see Phillips, 1966; Makin and Kudryavtsev, 1999; and Makin, 2008).

6. Modification of the charnock wind stress formula
The surface roughness length, zo, will be shown to relate to the friction velocity, waveinduced friction velocity, and convective velocity. The well-known Charnock wind stress
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formula is a relationship between the surface roughness length over the sea and the wind
stress or momentum flux; it is expressed as (Charnock, 1955)
zo = α

u*2
,
g

(42)

where the parameter = ch is the Charnock constant with the value ranging from 0.011
(Smith, 1980, 1988) to 0.035 (e.g., see Garratt, 1977; 1992, Table 4.1). Charnock (1955)
postulated the roughness-wind stress formulation in Eq. (42) on the basis of a dimensional
argument. In the Charnock wind stress relation, Eq. (42), the roughness length depends only
on the friction velocity and the gravitational acceleration; the buoyancy effect due to thermal
convection is ignored. In this paper, we have shown that under strong convection, the
roughness length also depends on the convective velocity (see Section 4).
The dependencies of the surface roughness length on the convective velocity, the wave age,
and the effect of the wave-induced stress or swell are investigated in the following sections.
6.1 General Charnock relation and free convection
A general formula for the Charnock relation and the free convection is discussed in this
section.
6.1.1 General Charnock relation
In this section, we focus on the effect of free convection on the surface roughness. The
general equation for the Charnock relation is obtained by replacing the friction velocity scale
(u*) in the Charnock relation, Eq. (42), with the effective total friction velocity, u*eff, in Eq.
(40) or the vertical velocity scale, ws, which is a combination of the friction velocity and
convective velocity. Therefore, the Charnock formula is also applicable under the conditions
of free convection.
Substituting Eq. (40) into Eq. (42) and neglecting the viscous stress for the moment, we have
zo =

α
τ
ρa g eff

( )

α
τ t + τ w + τ f ,.
=
ρa g

(

)

(43)

where ρa is the density of air. Taking the flow over the aerodynamically smooth surface into
consideration by including the viscous term, the equation for the surface roughness, Eq. (43),
becomes
zo =

α
ν
τ eff + 0.11
u*
ρa g

( )

α
ν
=
τ t + τ w + τ f + 0.11 .
u*
ρa g

(

)

(44)

The above equation includes the effect of the wave-induced stress or swell on the surface
roughness (see Section 6.3 and 6.4 for more information), and ν is the kinematic viscosity
(molecular) of air.
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The velocity scale as shown in Eq. (33) also includes the effect of buoyancy that will enhance
the surface roughness length. By substituting the vertical velocity scale, ws, in Eq. (33) or the
total friction velocity in Eq. (35) into the Charnock formula (42) for the friction velocity, u*,
we obtain:

zo =

α

(u
g

3
*

+ γ w*3

)

2/3

,

(45)

where the value of is equal to 0.11. Eq. (45) reduces to the Charnock relation (42) if the free
convection term is neglected.
In comparing Eq. (45) with Eq. (43), if we identify the friction velocity in Eq. (45) with the
total stress, τ/ρa = u*2 (the friction velocity is related to the wind stress) in Eq. (43) and
incorporate the viscous effect, then Eq. (45) or Eq. (44) becomes

zo =
=

α

(u
g

3
*

+ γ w:*3

α

3
2
2 2
 ( u* t ± u* w )

g 

)

2/3

+ 0.11


+ γ w:*3 



ν
u*

2/3

+ 0.11

ν
u*

(46)
.

The surface roughness length is dominated by short gravity waves for relatively high wind
speed. For light winds, the term 0.11 ν/u* should be added to Eq. (44) or Eq. (46), as
suggested by Smith (1988), where ν = 1.5 x 10-5 m2/s is the kinematic viscosity of air. This
term is for the air flow over an aerodynamically smooth surface. The wave-induced stress
usually decreases rapidly with height (see Fig. 2.); therefore, for the height far above the sea
surface (above the WBL), u* ≈ u*t (see Phillips, 1966; Makin and Kudryavtsev, 1999; and
Makin, 2008). The negative sign in Eq. (46) indicates that the upward transfer of momentum
flux from the sea surface to the atmosphere is due to the wave effect. The addition of the
viscous term in Eq. (46) is to show that Eq. (46) reduces to Smith’s formulation (see Eq. (50)
below).
In light wind conditions, swell may influence the roughness length and the momentum
transfer. The Charnock parameter in reality is not a constant; it depends on the wave age
and may also be influenced by the presence of swell. The effects of the wave age and the
wave-induced stress or swell on the Charnock parameter are discussed in Sections 6.2, 6.3,
and 6.4, respectively.
6.1.2 Free convection
Equation (46) is a general equation for determining the surface roughness length for the
flow over the sea. Thus, we have extended the Charnock wind stress formula to include the
conditions of free convection and the wave effect (see Sections 6.3 and 6.4).
In the free convection limit, the horizontal mean wind speed and the shear stress vanish;
therefore, the surface roughness length in Eq. (45) becomes

zo =
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Where γ’ = a is a constant, which is equal to 0.19 to 0.23 (see Section 4). Eq. (47) shows that
the surface roughness length is generated under free convection. Eq. (47) has also been
proposed by Abdella and D’Alessio (2003); they give a value of 0.15 for γ’.
Here we give two examples to show the effect of free convection on the sea-surface
roughness. If we set ’ = 0.23 and = 0.015, and, in addition, if we assume that w* = 1 m/s,
from Eq. (47) we have the surface roughness length zo = 3.5x 10-4 m. If we set w* = 0.5 m/s,
we have zo = 9 x 10-5 m .
For illustration, the variation of the surface roughness length with the wind speed under the
forced or free convection is plotted in Fig. 3, which shows that the surface roughness length
is obtained from the Charnock wind stress formula, omitting the convective term in Eq. (45),
and, in the free convection limit as the mean wind speed and shear stress approach zero, the
surface roughness is obtained from Eq. (47).
Surf ac e Roughnes s v s . W ind Speed

R oughnes s Length, Z o(m )

1.E-02

1.E-03

1.E-04

Smith (1988)
Free Conv ec tion

1.E-05
0

5

10

15

20

25

30

W ind Speed, U10 (m/s )

Fig. 3. Variations of the surface roughness over the sea with wind speed at 10 m. The solid
line (-) indicates the roughness length obtained from the Charnock relation (see Eq. 50
below). The diamond symbol (♦) shows the roughness length for the free convection; the
convective velocity here is set at 1 m/s.
6.2 Effect of wave age
The sea state controls the direction of momentum transfer and also influences the surface
roughness. The wave age is often used to characterize the sea state, which is a measure of
the sea state for wind wave development. The wave age parameter is defined as cp/U10, or
cp/u* (In general the friction velocity, u* , increases with increasing the wind speed, U10.),
where cp is the phase speed, the speed of wave, and U10 is the wind speed at 10 m height
above the sea surface, is used as criteria to distinguish the wind sea from the swell. For pure
wind sea or for a young wave, the wind speed is larger than the phase speed, i.e., cp/U10 <
1.2, i.e., the wind is moving faster than the wave, while under swell conditions, the waves
generated from distant storms travel faster than the wind speed, i.e., cp/U10 >1.2.
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In reality, the Charnock constant, , is not a constant; it also depends on the sea state. The
Charnock constant, , in the roughness length equation, Eq. (45) or Eq. (46), can be modified
to better reflect the sea state. The effect of the sea state on the roughness can be modeled by
expressing the Charnock constant as a function of the wave age (e.g., Smith et al., 1992) or
the wave-induced stress (Janssen, 1989; 1991). A number of authors have suggested that the
Charnock parameter depends on the characteristics of the sea state in the developing stage
of wind sea (e.g., Smith et al., 1992), specifically, the wave age, which may be expressed, for
example, as
u 
u 
α = f  *  = α3  * 
 cp 
 cp 
 
 

β3

,

(48)

where cp is the phase speed of the dominant waves and cp/u* is the wave age. Young wave
has small value of cp/u*, while old wave has large value of cp/u*. Several authors give
different formulations for the function of wave age, f (cp/u*). Eq. (48) indicates that the
young wave has the larger surface roughness, while the older, more mature wave has the
smaller surface roughness. Smith et al. (1992) also suggested including the effect of wave age
into the Charnock parameter, . For example, the values of 3 = 0.48 and 3 = 1 are given by
Smith et al. (1992), while Johnson et al. (1998) give the values of 3 = 1.89 and 3 = 1.59.
Eq. (46), with the Charnock parameter replaced by Eq. (48), becomes

zo =

α 3  u* 

β3

(u

 
g  c p 

3
*

+ γ w:*3

)

2/3

+ 0.11

ν
u*

.

(49)

Eq. (49) shows that the sea surface roughness length, zo, is related to the wind stress (u* = u*t),
convective velocity, wave age, and air viscosity. Thus, in the free convection limit, the
singularity in the Charnock relation is avoided, neglecting the viscous term in Eq. (49). If the
effects of free convection and wave age on the surface roughness are neglected, then Eq. (49)
becomes

zo =

α
g

u*2 + 0.11

ν
u*

.

(50)

This equation, suggested by Smith (1988), is commonly used to calculate the sea roughness
length, zo, and hence to compute the surface fluxes over the ocean (e.g., Smith, 1988; also see
Fairall et al., 1996). For an aerodynamically smooth surface, Eq. (50) reduces to

zo = 0.11

ν
u*

.

(51)

Eq. (51) corresponds to light wind conditions for flow over aerodynamically smooth surface
(see Nikuradse, 1933).
6.3 Effect of wave-induced stress
Now, let us take a look at the contribution of the wave-induced stress,
(40) to the total stress, eff.
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For old sea, the magnitude of the wave-induced stress is approximately 10% of the total
turbulent stress (see Phillips, 1966; Janssen, 1989). In the atmospheric surface layer (or the
WBL) the wave-induced stress usually decays rapidly with height (Janssen, 1989; (see
Phillips, 1966; Makin and Kudryavtsev , 1999; and Makin , 2008) (see Section 6.3.1. below for
further discussion).
6.3.1 Wind sea and wave-induced stress
The wave-induced stress may influence the surface roughness. To take into consideration
the effect of wave-induced stress on the roughness length, Janssen (1989; 1991) suggested
modifying the Charnock constant, by including the wave-induced stress. This approach
has been implemented in the wave model (WAM; WAMDI, 1988). The WAM model is
widely used in predicting the characteristics of the surface wave.
In the ocean wave modeling, the effect of waves on the surface roughness is usually
accommodated through the parameterization of the Charnock “constant” (see Eq. (52)
below). The Charnock parameter has been used successfully in the WAM model in the
prediction of ocean waves and the effect of wind waves on the transfer of fluxes.
Now, let us consider the effect of the wave-induced stress on the Charnock parameter.
Janssen (1991) suggested modifying the Charnock parameter by including the effect of the
wave-induced stress on the surface roughness. Thus, Eq. (44) can be written as

zo =

α
ν ,
τ t + τ f + 0.11
u*
ρa g

(

(52)

)

where

α=

α ch

(53)

1 −η

and

η=

τw
τ

where ch is the Charnock constant. The value of in Eq. (52) is the modified Charnock
constant; it includes the effect of the wave-induced stress that depends on the wave age. In
the Charnock relation, is equal to ch = 0.0144 (see Janssen, 1991, p.1634), while in a coupled
ocean-wave-atmospheric model, the value of ch = 0.01 is used (WAM; WAMDI, 1988). The
WAM model is widely used to forecast the characteristics of ocean wave at meteorological
centers around the world.
Substituting Eq. (53) into Eq. (45) or Eq. (46), we obtain

zo =

α ch
u*3t + γ w:*3
g 1 − ηeff

(

where

ηeff =
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Under strong convection, the second term on the right-hand side of Eq. (54), the convectioninduced stress, is the dominant term. If we neglect the convection-induced stress and the
viscous stress, then Eq. (54) becomes
zo =

α chu*2t
,
g 1 − ηeff

(55)

where the wave parameter, , is defined as eff = w/ eff; and the effective wave parameter is
the ratio of the wave-induced stress, w, to the effective total stress. This wave parameter, ,
depends on the wave age and decreases with increasing wave age. The typical value of is
about 10% to 20% (see Phillips, 1966; Phillips, 1977; Janssen, 1989). Phillips (1966) and
Janssen (1989) suggested that the total stress for old sea is, in general, |τw/τ| ≤ 0.2 and that,
with the wind speed less than 2.5 m/s at the height of 10 m, the value of for old sea is
about 10% of the total stress (Phillips, 1966; Janssen, 1989). These values indicate that the
effect of wave-induced stress on the value of the Charnock parameter is about 10%; that is, if
we assume that, | τw/τ| ≤ 0.2, a change of 20% in the wave-induced stress will result in the
departure of about 10% from the Charnock constant, ch.
The direct impact of swell-induced momentum and energy fluxes are confined in the WBL, a
thin layer near the water surface for light winds (see Janssen, 1991; Makin and Kudryavtsev,
1999; Makin, 2008). In their theory, the wave boundary layer is in the order of O (1 m), a value
less than 10 m. They suggested the height of the WBL is 10 m (Makin and Kudryavtsev, 1999,
p. 7615) which is a good estimate (in their Fig. 2, the WBL is much lower and about 1-2 m). The
wave-induced stress is exponential decay with height in the WBL, e.g., f(z) → 0 at z → w
(WBL) (see Makin, 2008, p.472; also see the critical layer theory by Miles, 1957).
Thus, the Charnock relation can be considered as a good approximation for moderate wind
speeds, that is, ≈ ch, in view of the variability and uncertainty of the data.
In the following section, we consider the effect of swell on the surface roughness.
6.4 Swell effect
Swell is the long gravity waves generated from distant storms. It is common practice to
assume that for the air flow over the ocean, under neutral conditions and in the absence of
swell, the vertical distribution of the mean wind follows the well-known logarithmic wind
profile. Davidson’s data were obtained under the influence of heavy swell (Davidson, 1974).
Davidson’s formulation of the drag coefficient under swell conditions (Davidson, 1974) can be
used to transform the wave-dependent formula of the drag coefficient into the following form:

Cd =

Cdo
c


' p
 1 + β  − α o  
 u*



2

,

(56-1)

where
2





k
 ,
Cdo = 
 ln( z ) 
 zoch 
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β ' = 0.13Cdo1/2 / k .

(56-3)

where Cdo is the drag coefficient in the absence of wave effect, ’ an empirical constant, cp the
phase speed at the peak frequency, cp/u* the wave age, and o another empirical constant.
Eq. (56-1) shows the effect of wave age or swell on the drag coefficient. In Eq. (56-1), the
drag coefficient, Cd, is expressed in terms of the drag coefficient Cdo and the relative wave
age, cp/u* - o, that is the wave age relative to the value of an empirical constant o. The drag
coefficient Cdo. in Eq. (56-2) is a result of the logarithmic wind profile under the neutral
condition and zoch is the corresponding surface roughness. According to Large and Pond
(1981), the expected average value of Cdo = 1.3x10-3 and thus from Eq. (56-3), we obtain the
value of ’ = 0.012. A value of wave age, cp/u*, near 25 is associated with minimal wind-wave
coupling influence (see Davidson, 1974). Therefore, we set the value of o = 25, which
implies that when the wave age is equal to 25, cp/u* = o, the drag coefficient Cd is equal to
Cdo which is in the absence of swell effect. Theoretical justification of Eq. (56-1) is given by
Brutsaert (1973). Eq. (56-1) indicates that when the wave age is greater than 25, i.e., cp/u* >
o, the drag coefficient Cd decreases with increasing wave age; this condition corresponds to
the older sea. When the wave age is less than 25, i.e., cp/u* < o, the drag coefficient Cd
increases with decreasing wave age; this condition corresponds to the younger sea or
developing waves.
By using Eq. (52) and from Eq. (56-1), we obtain the following equation for the surface
roughness in a more general form:

zo =

α
g

(u*2 + γ 'w*2 ) + 0.11

ν
u*

(57-1)

where

α ch

α=

β*(

e

≈

cp
u*

,

c

, for β *  p − α o  < 1


 cp

 u*

1 + β *  − αo 
u
 *


α ch

(57-2)

−α o )

(57-3)

Where * is an empirical constant and is equal to * = k ’/cdo1/2 = 0.13. Eq. (57-2) implies that
the modified Charnock parameter, , or the non-dimensional roughness, and hence the
surface roughness length, decrease with increasing wave age for cp/u* > o. Therefore, the
singularity of the surface roughness is removed when the turbulent shear stress approaches
zero, as indicated in Eq. (46) or Eq. (57-1) (if the viscous term is neglected). The nondimensional roughness in Eq. (57-3) is for the value of | (cp/u* – )| < 1.
For young or developing waves, Toba et al. (1990) proposed the following formula for the
non-dimensional surface roughness
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c
gzo
* p
=
γ
,
u*
u*2

(58)

where * is an empirical constant and is equal to 0.025. For young and growing waves, the
non-dimensional surface roughness is also dependent on the wave age, cp/u*, in the form as
indicated in Eq. (58), and furthermore, the non-dimensional roughness length is also related
to the Charnock parameter, i.e., gzo/u*2 = α; therefore, from Eq. (57-2) and Eq. (58), the nondimensional roughness length can be expressed in the following functional form
 cp 
q′.  
gzo
 u*  .
=
2
cp


u*
β *  −α o 
u

e  *

(59)

Where q’ is an empirical constant that can be obtained from the experimental data. We
obtain the value of q’,= 0.001 (= *e-24 *) by setting the wave age to cp/u* = 1 and fitting the
curve through the cluster of the observational data (see Fig. 4.).

Surface Roughness vs. Inverse Wave Age
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Fig. 4. Dependency of the non-dimensional roughness gzo/u*2 on the inverse wave age u*/cp.
Data are the collection of Donelan et al. (1993). Dotted line is from Volkov (2001), thin line
from Eq. (59), and solid line in the presence of swell Eq. (57-2).
The semi-empirical formulas of the surface roughness suggested by Volkov (2001) are
expressed as follows
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 c p  −0.14  u* 
gzo
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0.03
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=
  e
2
u*
u*
 u* 

= 0.008 .

for

cp
u*

> 35

(60-1)

(60-2)

In Eq. (60-2), it is assumed that the non-dimensional roughness is a constant value of gzo/u*2
= 0.008 for the wave age cp/u* > 35, which implies that even under the conditions of swell,
the non-dimensional roughness is a constant value of 0.008. Eq. (60-1) is the nondimensional roughness in the absence of swell. The comparison of Eq. (59) and Eq. (60-1)
with experimental data is given in Fig. 4; the experimental data were collected by Donelan
(1993). The two datasets by Davidson (1974) and by Donelan et al. (1993) were obtained
under the influence of heavy swell. The Atlantic Ocean data are dominated by swell (see
Fig. 4 and Donelan et at., 1993). Eq. (59) was derived from the wave-dependent formulation
of Davidson. The theoretical justification was also provided by Brusaert (1973).
As can be seen from Fig. 4, the result obtained from Eq. (59) is remarkably close to the
roughness formula (Eq. 60-1) proposed by Volkov (2001), considering the different
approaches used to derive the surface roughness lengths; the two curves are almost identical
to each other. However, under the conditions of strong swell, the two curves diverge
significanly. It appears that Eq. (57-2) has the better fit to the experimental data. The data in
Fig. 4 show that under the influence of swell, the surface roughness is much less than the
value of 0.008 proposed by Volkov (2001). That is, under the influence of heavy swell, Eq.
(57-2) shows that the sea surface is very smooth, much smoother than suggested by Volkov
(2001), i.e., there exits a “super” smooth sea surface.
Equations (35), (38), (39), (46), (49), (54), (56), (57), and (59) are the main results of this paper. In
theory, the total stress is controlled mainly by the short to moderate gravity waves, the large
eddies associated with the convective activity, the wave-induced stress, or the swell. For
moderate wind speeds, the Charnock relation is a good approximation for the estimate of the
surface roughness length. Under the conditions of swell, part of momentum flux may be
transferred from the ocean to the atmosphere. The swell also has influence on the surface
roughness and the total stress. Eq. (57) and Eq. (59) imply that the wave-induced stress is to
modulate the Charnock parameter. For young and developing waves, the surface roughness
increases, while for old sea with large wave age, the wave damping occurs. Abdella and
D’Alessio (2003) conducted numerical experiments using the second-order turbulence closure
scheme and the convection–induced stress in the Charnock relation; their results of sea surface
temperature and heat content obtained from the model simulations are in good agreement
with the observations. The equations (57-2) and (59), the non-dimensional surface roughness
under the influence of swell, are for the first time theoretically derived in this study.
Concerning the practical applications of the proposed formulation for the surface roughness,
it has been demonstrated that the approaches similar to the proposed approaches have
already been used for practical applications, for examples, Janssen’s formulation used in
WAM model (the European Centre for Medium-Range Weather Forecasts (ECMWF);
Hasselmann et al., 1988) and numerical simulations conducted by Abdella and D’Alessio
(2003) under the light wind conditions. These results are in good agreement with the
observational data.
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7. Summary and conclusions
The Charnock wind stress formula is well known and has been widely used for the study of
the air-sea interaction. In his formula, Charnock (1955) considered only forced convection
and did not consider two other important physical processes that affect the surface
roughness: free convection and swell. A parameterization of surface roughness length for
the air-sea interaction in free convection has been suggested by Abdella and D’Alessio
(2003). In the free convection limit, as the horizontal mean wind speed and the friction
velocity vanish, the well-known Charnock wind stress formulation is inadequate and the
traditional Monin-Obukhov similarity theory breaks down. According to Deardorff (1970),
under free convection conditions, the convective velocity is an important scaling parameter;
in the parameterization of the surface roughness, the velocity or the relevant similarity
variables should be scaled by the convective velocity rather than the friction velocity. In free
convection, the large-scale convective eddies in connection with the convective circulations,
which are expected to reach near the surface, would induce the “virtual” surface wind
stress, the so-called convection-induced stress, that, in turn, contributes to the increase of
surface roughness.
In this study, two alternative approaches were used to derive the surface roughness length.
In the first approach, we derived a new parameterization scheme of the sea surface
roughness for the conditions of the forced and free convection based on the Prandtl mixing
length theory and the standard deviation of the vertical turbulent velocity. In the derivation
of this new parameterization scheme, first we introduced a new velocity scale, which
squared value is equal to the “total stress” and is a combination of the friction velocity and
the convective velocity. We then showed that, by replacing the friction velocity in the
Charnock formula with the new velocity scale or the effective friction velocity, the Charnock
formula can be extended to include the conditions of free convection, that is, to show that
the surface roughness length depends on a new velocity scale, which is a combination of the
forced convection and free convection. The second approach is based on the standard
deviations of the horizontal velocity components to derive the relationship between the
friction velocity and the convective velocity, which can be used to estimate the surface
roughness length. This approach is consistent with the concept of gustiness proposed by
Businger (1973) and others (see Schumann, 1988 and Sykes et al. , 1993). Friction velocity
and convective velocity are also used as scaling parameters. Wind stress is in the horizontal
direction that represents friction velocity; therefore, in a sense friction velocity (stress) and
convective velocity are perpendicular to each other.
The dependence of the roughness length on the sea state and the effect of the wave-induced
stress or the swell on the roughness length are also investigated in this paper. The influence
of the wave-induced stress or the swell on the surface roughness is taken into account by
modifying the Charnock parameter that depends on the wave age. For moderate wind
speeds, the Charnock relation is a good approximation for the estimate of the surface
roughness length. Abdella and D’Alessio (2003) performed the numerical simulations
including the convective velocity; they showed that their results of sea surface temperature
and heat content are in good agreement with the observations. For young and developing
waves, the wave-induced stress enhances the surface roughness; the surface roughness in
the absence of swell derived in this paper is remarkably close, almost identical to the wind
stress formula proposed by Volkov (2001). However, in this paper, the proposed formula for
the aerodynamic roughness in the presence of heavy swell, deviated significantly from
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Volkov’s formula, is for the first time theoretically derived and substantiated by
experimental data; it shows that the surface roughness depends on the relative wave age.
The results are in better agreement with experimental data. The results show that under the
influence of heavy swell, there exists a very smooth sea surface, a “super” smooth sea
surface, much smoother than that, a constant value, as suggested by Volkov (2001).
Therefore, in this study, we have extended the Charnock wind stress relation to the forced
and free convection in the presence of swell. An advanced wind-wave and atmospheric
boundary layer measurement system has been deployed to an offshore oil platform in the
Gulf of Mexico (Huang et al., 2011). The data collected from this wind-wave measurement
system may shed additional light on this subject and further elucidate the behavior of air
flow over ocean waves and the physical processes of the air-sea interaction.
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