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Chapter

Determinantal Representations
of the Core Inverse and Its
Generalizations

Ivan I. Kyrchei

Abstract

Generalized inverse matrices are important objects in matrix theory. In particu-
lar, they are useful tools in solving matrix equations. The most famous generalized
inverses are the Moore-Penrose inverse and the Drazin inverse. Recently, it was
introduced new generalized inverse matrix, namely the core inverse, which was late
extended to the core-EP inverse, the BT, DMP, and CMP inverses. In contrast to
the inverse matrix that has a definitely determinantal representation in terms of
cofactors, even for basic generalized inverses, there exist different determinantal
representations as a result of the search of their more applicable explicit expres-
sions. In this chapter, we give new and exclusive determinantal representations of
the core inverse and its generalizations by using determinantal representations
of the Moore-Penrose and Drazin inverses previously obtained by the author.

Keywords: Moore-Penrose inverse, Drazin inverse, core inverse, core-EP inverse,
2000 AMS subject classifications: 15A15, 16W10

1. Introduction

In the whole chapter, the notations R and C are reserved for fields of the real and
complex numbers, respectively. C""” stands for the set of all m x n matrices over
C. C"" determines its subset of matrices with a rank ». For A € C"*", the symbols
A" and rk(A) specify the conjugate transpose and the rank of A, respectively, |A| or
detA stands for its determinant. A matrix A € C"*" is Hermitian if A* = A.

A" means the Moore-Penrose inverse of A € C"™, i.e., the exclusive matrix X
satisfying the following four equations:

AXA=A (1)
XAX =X (2)
(AX)" = AX (3)
(XA)" =XA (4)

For A € C"" with index Ind A = k, i.e., the smallest positive number such that
rk (Ak H) =rk <Ak ) , the Drazin inverse of A, denoted by A% is called the unique
matrix X that satisfies Eq. (2) and the following equations,
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AX = XA; (5)
XAk+1 — Ak (6)
AFIX — Ak, (7)

In particular, if Ind A = 1, then the matrix X is called the group inverse, and
it is denoted by X = A*. If Ind A = 0, then A is nonsingular and A =AT=A""

It is evident that if the condition (5) is fulfilled, then (6) and (7) are equivalent.
We put both these conditions because they will be used below independently of
each other and without the obligatory fulfillment of (5).

A matrix A satisfying the conditions (i), (), ... is called an {7, j, ... }-inverse of A,

and is denoted by A% The set of matrices A/ is denoted A{i,j,..}.In

particular, AW is called the inner inverse, A®? is called the outer inverse, A2 is
called the reflexive inverse, A%3% is the Moore-Penrose inverse, etc.

For an arbitrary matrix A € C"*", we denote by

e N(A) = {xe]H["Xl : Ax = 0}, the kernel (or the null space) of A;

* C(A) = {yeH™" :y = Ax,x e H"*'}, the column space (or the range space)
of A; and

* R(A) = {yeH"™" :y = xA,x€ H""}, the row space of A.

P,:=AA" and Q4 = A"A are the orthogonal projectors onto the range of A and
the range of A", respectively.

The core inverse was introduced by Baksalary and Trenkler in [1]. Later, it
was investigated by S. Malik in [2] and S.Z. Xu et al. in [3], among others.

Definition 1.1. [1] A matrix X € C**” is called the core inverse of A € C"*” if it
satisfies the conditions

AX = P,,and C(X) = C(A).

When such matrix X exists, it is denoted as A®.

In 2014, the core inverse was extended to the core-EP inverse defined by K.
Manjunatha Prasad and K.S. Mohana [4]. Other generalizations of the core inverse
were recently introduced for # x n complex matrices, namely BT inverses [5], DMP
inverses [2], CMP inverses [6], etc. The characterizations, computing methods,
and some applications of the core inverse and its generalizations were recently
investigated in complex matrices and rings (see, e.g., [7-18]).

In contrast to the inverse matrix that has a definitely determinantal
representation in terms of cofactors, for generalized inverse matrices, there exist
different determinantal representations as a result of the search of their more
applicable explicit expressions (see, e.g. [19-25]). In this chapter, we get new
determinantal representations of the core inverse and its generalizations using
recently obtained by the author determinantal representations of the Moore-
Penrose inverse and the Drazin inverse over the quaternion skew field, and over the
field of complex numbers as a special case [26-34]. Note that a determinantal
representation of the core-EP generalized inverse in complex matrices has been
derived in [4], based on the determinantal representation of an reflexive inverse
obtained in [19, 20].

The chapter is organized as follows: in Section 2, we start with preliminary
introduction of determinantal representations of the Moore-Penrose inverse and the
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Drazin inverse. In Section 3, we give determinantal representations of the core
inverse and its generalizations, namely the right and left core inverses are
established in Section 3.1, the core-EP inverses in Section 3.2, the core DMP inverse
and its dual in Section 3.3, and finally the CMP inverse in Section 3.4. A numerical
example to illustrate the main results is considered in Section 4. Finally, in Section 5,
the conclusions are drawn.

2. Preliminaries

Let a:={a1, ...} C{1,...,m} and f:={py, ..., fr } €{1, ...,n} be subsets with
1<k < min {m,n}. By A}, we denote a submatrix of A € H""*" with rows and
columns indexed by a and f, respectively. Then, A, is a principal submatrix of A
with rows and columns indexed by a, and |A|[}, is the corresponding principal minor
of the determinant |A|. Suppose that

Lip={a:a= (a1, ...m), 1<y <<, <n}

stands for the collection of strictly increasing sequences of 1<k <# integers
chosen from {1, ...,n}. For fixed i€ a and jep, put I, , {i} :={a: a€L,,i €a} and

]r,n{j} = {ﬁ : ﬂeLr,najeﬂ}'

The jth columns and the ith rows of A and A* denote a ; and a";. and a; and a/,
respectively. By A; (b) and A j(c), we denote the matrices obtained from A by
replacing its ith row with the row b, and its jth column with the column c.

Theorem 2.1. [28] If A € H"*", then the Moore-Penvose inverse AT = (a}}) eCcrm

possesses the determinantal vepresentations

(°4);(a5) ‘ﬁ _ (8)

Y

a..
’ ey, |ATAl

B Zaeb,m{]’} ’ (AA* )] <a: ) a (9)
N Zae[r,m AA” IZ |

Remark 2.2. For an arbitrary full-rank matrix A € C]"*", a row vector be H>™
and a column-vector ¢ € H**!, we put, respectively,

a

(AA*),(b)| = > |(AA¥), (b)]:

a €Ly {i}
|AA" | = Z |AA* |7, whenr =m;
a€ly,
k * ﬂ o
](A A)_].(c)‘ > )(A A)@) ) j=Lm
PElnnti}t
|A*A| = Z |A*A|§, when r = n.
ﬁejn,n

Corollary 2.3. [21] Let A € C]"*". Then, the following determinantal representations
can be obtained
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i. for the projector Q 4, = (%‘j)

b
nxn

% N % - |
4 Lper, | (AT A)@5)]; Ser )| (A" A); )] 10)
’ Zﬁe]m|A*A|§ ZaelmlA “Al,

where a ; is the jth column and a; is the ith row of A* A; and

ii. for the projector P4 = (p,-]-> )

mXxXm

| T AA @] e l88°), )1
pl] Zaelr,m

AL, LN

; (11)

where &; is the ith row and & ; is the jth column of AA™.

The following lemma gives determinantal representations of the Drazin inverse
in complex matrices.

Lemma 2.4. [21] Let A € CV" with Ind A = k and tk A*™ = rk A* = r. Then, the

determinantal vepresentations of the Drazin inverse A% = (a;}) eC"™" are

k1 ®)|”
Zﬁefy,n{i} (A )‘<a‘j )‘
at = - b (12)
i > Ak“]ﬁ
BE],, B
k [04
Zaelr,n{j} (Ak+1)j- <al( )> a
el e vl (13)
acl,, a

fk) is the ith row and aFf) is the jth column of A,

Corollary 2.5. [21] Let A€ C"™" with Ind A = 1 and rkA? = rk A = 7. Then, the

determinantal representations of the group inverse A* = <a§ > eC"™" are

where a

ﬂ a
o e (8),@0)) aenip|(&%), @)
zﬁe]r,n A ‘ﬁ Zaeh,n A |(1

3. Determinantal representations of the core inverse and its
generalizations

3.1 Determinantal representations of the core inverses

Together with the core inverse in [35], the dual core inverse was to be intro-
duced. Since the both these core inverses are equipollent and they are different only
in the position relative to the inducting matrix A, we propose called them as the
right and left core inverses regarding to their positions. So, from [1], we have the
following definition that is equivalent to Definition 1.1.
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Definition 3.1. A matrix X € C"*” is said to be the right core inverse of A € C"*"
if it satisfies the conditions

AX = Py,and C(X) = C(A).

When such matrix X exists, it is denoted as A®.

The following definition of the left core inverse can be given that is equivalent to
the introduced dual core inverse [35].

Definition 3.2 A matrix X € C**” is said to be the left core inverse of A € C"*" if
it satisfies the conditions

XA = Qy,and R(X) = R(A). (15)

When such matrix X exists, it is denoted as Ag.
Remark 3.3. In [35], the conditions of the dual core inverse are given as follows:

A@A = PA* ,and C(A@) QC<A* )

Since P4- = A*(A*)" = (A'A)" = A'A = Q,, and R(A) = C(A*), then these
conditions and (15) are analogous.
Due to [1], we introduce the following sets of quaternion matrices

CSM = {AE(C"X" .tk A? = rkA},
CF={AeC” :ATA = AA"} = {C(A) =C(A*)}.

The matrices from C™ are called group matrices or core matrices. If A € CEF,
then clearly A" = A*. It is known that the core inverses of A € C"*” exist if and only
ifAe (CSM or Ind A = 1. Moreover, if A is nonsingular, Ind A = 0, then its core

inverses are the usual inverse. Due to [1], we have the following representations of
the right and left core inverses.

Lemma 3.4. [1] Let A € CS™. Then,

A® = A*AAT, (16)
Ag = ATAA* (17)

Remark 3.5. In Theorems 3.6 and 3.7, we will suppose that A € CSM but
A¢g CEP. Because, if A € CSM and Ae CEP (in particular, A is Hermitian), then from
Lemma 3.4 and the definitions of the Moore-Penrose and group inverses, it follows
that A? = Ag = A* = AT,

Theorem 3.6. Let A € CSM and Tk A? = tk A = 5. Then, its right core inverse has the
following determinantal representations

Zaels,n{j}‘(AA*>J'- <u’(1)) "

@r __ a __
Zﬂe]m A |ﬂZaEIm|AA |a
2 @\’
2 pes i | (A7) (“.j ) }
- 218 : a’ (19)
Zﬁe]m A ‘[}Zaelm AA |a




Functional Calculus

where

uV = |:/; > (A%, (ay) 4 eC™, f=1,.,n

€/ {1}

uF?—{ > |@an), @)

eC”™ 1=1,..,n
eLaij} “

are the row and column vectors, respectively. Here ar and a; are the fth column

and Ith row of A:= A’A*.
Proof. Taking into account (16), we have for *A,

ap’ =" ahayay. (20)

I=1 f=1

By substituting (14) and (15) in (20), we obtain

n p * )|
" S peg | (A7) (ag)[an uen, )| (AA ),(al_)]a

a;’ = w | =
’ ; Zﬁe]m A2 f ZGEIx,n‘AA ’(l
S ey, | (A2 (e) \ 1S er, | (AA), (e
Sser, Aﬂﬁza% AAT;

where e; and e; are the unit column and row vectors, respectively, such that all
their components are 0, except the /th components which are 1; 4y is the ([f)th

element of the matrix A := A2A*.
Let

n

=" S [(AY) (ep)fan= Y [(A%),@)

f:]- ﬁejs,n {l} /} E]x,n{i}

i

e iL,l=1,..,n.

Construct the matrix U; = (ul(ll )> e H**”. It follows that

DD Aaa) ) = Y |aan); (u)

a€l,ij} “ aeladj)

where u( is the ith row of U;. So, we get (18). If we first consider

u' =3 3 |l A = > |@an, @),

a€l,{j} a€l,{j}

fij=1.,n

and construct the matrix U, = (ul(;) ) e """, then from

>3 I@)enlu = 3 |, («?)],
f=1pe]li} PE€inli}
it follows (19). ]
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Taking into account (17), the following theorem on the determinantal represen-
tation of the left core inverse can be proved similarly.

Theorem 3.7. Let A € (CSM and tkA? = tk A = 5. Then for its left core inverse

(LA) = (ag’l>, we have

(A"A); (V(JZ)> ‘i

al Zaelm{j} ‘ (Az)]" (Vz(l)) ‘a Eﬁ €Jq{i}
L = == A2 ad

/A 29
Z/}e]m A*AngaeIw A ’a Z/}e]m A*A|g2aelw

a

where

v=| S |AatA),GE))| eC, f=1,0n
e i}

W= 2 @), @)

acl,{j} “

eC”™ 1=1,..,n.

Here a; and @ are the fth column and /th row of A:=A" A%

3.2 Determinantal representations of the core-EP inverses

Similar as in [4], we introduce two core-EP inverses.
Definition 3.8. A matrix X € C"*” is said to be the right core-EP inverse of
A e C"" if it satisfies the conditions

XAX = A,and C(X) = C(X*) = C<Ad>.

It is denoted as A®.
Definition 3.9. A matrix X € C"*" is said to be the left core-EP inverse of
A € C"" if it satisfies the conditions

XAX = A, and R(X) = R(X*) = R(Ad).

It is denoted as Ag.
Remark 3.10. Since C ((A* )d) = R(A”l> , then the left core inverse Ag of

A € C"" is similar to the * core inverse introduced in [4], and the dual core-EP
inverse introduced in [35].

Due to [4], we have the following representations the core-EP inverses of
AeC” ><n,

A® = A3 and c(a®)cc(At),

Ap= AR and R(Ag) CR(AY),

Thanks to [35], the following representations of the core-EP inverses will be
used for their determinantal representations.
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Lemma 3.11. Let A€ C"" and Ind A = k. Then

A® — A (AW)T, (21)

Ag= <Ak+1>TAk. (22)

Moreover, if Ind A = 1, then we have the following representations of the right
and left core inverses

A® — A(AY), (23)
Ag = (A?)'A. (24)

Theorem 3.12. Suppose A € C"*", Ind A = k, rk A* = 5, and there exist A® and Aq

Then A® = <a§>’r> and Ag = (a?’l> possess the determinantal vepresentations, respectively,

a

Zaelm{j} (Ak+1 <Ak+1> *> (&)

ay” = F—2 (25)
et Ak (Ak+1) )

o _ > per i) ((Ak+1> *AkH)j (a)) ‘i 06)
7 Zﬁe]m ( Ak+1> ¥ AR+ i

where a; is the ith row of A = AF (Ak+1> ' and a; is the jth column of
A= (Ak“) "A",

Proof. Consider <Ak+1>T = (al(]kﬂ’”) and A* = (aé@). By (21),

n
D _ (k) _(k+1,%)
=1
. . . . k+1 f
Taking into account (9) for the determinantal representation of (A ) , we get

Zae[m 0 (Ak+1 (Ak+1) * )j. <a§{e+1, * )> ‘

k| b
k+1 k+1
Suer,, |AH(A)

n
®r _ (k)
ay = Z“z‘t
t=1

a

*
where a*"™*) is the tth row of <Ak+1> . Since Zleaff)atq”l’*) = a;, then it

follows (25).
The determinantal representation (26) can be obtained similarly by integrating

+
(8) for the determinantal representation of <Ak“> in (22). O

Taking into account the representations (23)-(24), we obtain the determinantal
representations of the right and left core inverses that have more simpler expres-
sions than they are obtained in Theorems 3.6 and 3.7.
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Corollary 3.13. Let A€ C!™", Ind A = 1, and there exist A® and Ag. Then A® =

(alij@’V) and Ag = (ali}@’l ) can be expressed as follows

. D ael ) (AZ(AZ)*%.@:)
ai"r = w | aa
’ ZU:EIS," A2 (Az) a
p
)[((8%)42) (a))
o Sl (R) 0
ij Y >
Zﬁe]w (Az) A2 B

where a; is the ith row of A = A(Az) * and a j is the jth column of A= (Az) “A.

3.3 Determinantal representations of the DMP and MPD inverses

The concept of the DMP inverse in complex matrices was introduced in [2] by S.
Malik and N. Thome.

Definition 3.14. [2] Suppose A € C"*" and Ind A = k. A matrix X € C""" is said
to be the DMP inverse of A if it satisfies the conditions

XAX = X, XA = A%A,and AFX = AFAY. (27)

It is denoted as A%T.
Due to [2], if an arbitrary matrix satisfies the system of Eq. (27), then it is unique
and has the following representation

AT — ATAAT, (28)

Theorem 3.15. Let A€ C!™", Ind A =k, and rk (Ak ) = §1. Then, its DMP inverse

A% = (aZ’T) has the following determinantal representations.

A%t = Zaefw{f}‘(AA*)J'-<“§-l)>: £ (29)

Y k+1)P
Zﬂekl,ﬂ A™ ’ﬂZaEIm’AA* ‘Z
p

(a), (o)),

k1P >
AT Yy, |AA 5

Zﬂ €5, nli}

_ (30)
2 pel,,

where

5
RS ‘(Ak“)j(af)]ﬁ eCh”, f=1,..,n,

P €5y ali}

eC” 1=1,..,n.

o = | Y ) @)

a€l{j} “

Here, a and a,, are the fth column and the /th row of A:=AFTA*,
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Proof. Taking into account (28) for A% we get

= Z Z aﬁalfajg. (31)

=1 f=1

By substituting (12) and (9) for the determinantal representations of A% and AT
in (31), we get
d,
ay =

[e4

(AkH) ; (a(lk )> ‘Z 2 el i) ‘ (AAT); (a; )

aif e
k1| AA
ey, AT, D acr, |AAT

p a
(Ak+1> (1) ‘ﬂ _ 2acl, () ((AA* ); (er) ‘a
anp TS AT

n 1 D e, i)

)3
=1 f=1

a __

(32)

n 2 pe], i)

=1 f=1 Zﬂé]sl,n

where e; and e, are the /th unit column and row vectors, and ay is the (If )th
element of the matrix A = A¥"1A* . If we put

u;}) o zn: Z ‘(Akﬂ) i(e'l)‘idlf = Z ’(Akﬂ) (ay)

I=1 pej,, i} ' pel;, i} !

B
B

b

as the fth component of the row vector ugll) = [ug), o ul(i) } , then from

[e4

b
a

Zuy‘ Z ‘ )J.'(ef.)‘Z: Z ‘(AA*)J"(H’('D)

acl,{j} a€lsu{j}

it follows (29). If we initially obtain

uy Zazf > |aan) ()] = > [aan) @)

a

b

f=1  acl,{j} acl,{j}
as the /th component of the column vector u.(]?) = [u%-), o\ ufljz)] , then from
& p B
o 30 () el = 30 [(47) ()],
I=1 pef i} L el i} ' /
it follows (30). ]

The name of the DMP inverse is in accordance with the order of using the Drazin
inverse (D) and the Moore-Penrose (MP) inverse. In that connection, it would be
logical to consider the following definition.

Definition 3.16. Suppose A € C"*” and Ind A = k. A matrix X € C"*" is said to
be the MPD inverse of A if it satisfies the conditions

XAX = X, AX = AA%, and XA* = ATA*.

It is denoted as A",

10
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The matrix A" is unique, and it can be represented as
AT = ATAA?, (33)

Theorem 3.17. Let A€ C!™", Ind A = k, and rk A* = 51. Then, its MPD inverse
Af4 — (a;’d> has the following determinantal vepresentations

a

(a7, ()],

k+1|% kr11@
A +1|a ZaEIsl,n|A*A|§ZaeL,n A S

* 1 p
+.d Zﬁejx,n{l} (A A>l <V(])> ‘ﬂ ZaEle’n{j}

i p
2pe), A" Al per,,

24

where

a

| (Ak+1> @) |ec™, 1=1,..,n

a€liq{j} J:

a

Vz@ = Z |(A*A);(ay) ﬁ eCh, 1=1,..,n.
PE]safi}

Here, a; and a; are the /th row and the fth column of A:=A* AR,
Proof. The proof is similar to the proof of Theorem 3.15. O

3.4 Determinantal representations of the CMP inverse

Definition 3.18. [6] Suppose A € C"*" has the core-nilpotent decomposition
A = A; + Ay, where IndA; = Ind A, A, is nilpotent, and AjA; = AyA; = 0. The
CMP inverse of A is called the matrix A®T:= ATA;AT.

Lemma 3.19. [6] Let A € C™". The matrix X = A°" is the unique matrix that
satisfies the following system of equations:

XAX = X,AXA = A, AX = A, AT, and XA = ATA;.

Moreover,

AST = Q,A%P,. (34)

Taking into account (34), it follows the next theorem about determinantal
representations of the quaternion CMP inverse.
Theorem 3.20. Let A€ C!™", Ind A = m, and tk(A™) = s1. Then, the determinan-

tal vepresentations of its CMP inverse A®T = <af.]-’T> can be expressed as

e, |(AA)(v)) ‘Z

2
(Zpes, 187 AL) Spey,,

ot
i =

35
Am+1 p ( )

p

11
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a

Dael, () ‘ (AAT); (WE-I)>

¥ a
a;]. = 2 (36)
k| m ﬁ
<ZaeIm‘AA |a> Z/JELM A +1‘ﬂ
foralll = 1,2, where
V= | Y @A) @) | ec =1, (37)
| a€L,{j) “
wl = | 3 [ATA) @] eCVk =1,.m, (38)
_ﬁej.v,n{i} .
-5 feaef]ecti-sn o
a€l,{j} “
w? = | 3 |(ATA) (8| €CV k=1 (40)
BETu{i} i

Here, i, is the tth row and 1, is the kth column of U:=UAA*, g, is the tth row
and g, is the kth column of G:=A"* AG, and the matrices U = (uj) EH"™" and G =

(&'j) € H"*" are such that

wi= > ‘(Am+1)j.(5i.) :’ g= > (A7), ﬁ’

(lelsl,n{j} ﬁelsl,n{i}

where a; is the ith row of A:=A* A" and a j is the jth column of A:=A"1A",
Proof. Taking into account (34), we get

n n
c, A d A
aijT = ZZ kzqz'l“lkpkja (41)
-1 k=1

where Q4 = (94)» A? = (%), and Py = (p4).

a. Taking into account the expressions (13), (10), and (11) for the determinantal
representations of A%, Q 4, and Py, respectively, we have

Speral (A" 8,60 ) Saen,n | (A7), (&) Coerip| (A8 @],
Am+1‘z Zaelm|AA* |Z ’

=3y

: Yper,, AT Al 2 el

where a; is the tth column of A* A, 4, is the Ith row of AA™, and at(,m) is the tth
row of A”. So, it is clear that

a

Ypes, | (ATA) (e) |§ Y qer,,pyl (A"), (k) "> aer, i) ‘ (AAT); (a)|
g, | ATALY o |ATT > [AAT]; ’

a€ly,

ai' =222
Itk

12
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13

where e; is the tth unit column vector, e,_is the kth row vector, and 4, is the

(tk)th element of A = A* A"+,
Denote

ufl_zatk Z (A™*), (ew)];, = Z (A1), @) (42)

a€l; {7} a€l; . {j}

as the tth component of a column vector u; = [#yy, ..., 4y]. Then from

SN @A) eju= Y |(ATA) )

t pej it BET i}

B
ﬁ’

we have

a5 =Zzﬁ€]’”{i}| (A" A) ()] e, (| (AA"); (1)
U) Zﬁejrn A A| Zael&ln Am-‘rl EGEI |AA* |(I

l

Construct the matrix U = (u;) € H"*", where u, is given by (42), and denote
U:=UAA". Then, taking into account that [A* A[) = 5 = |AA™ [}, we have

ZtZkZﬁeLn{z}‘ (A A); ‘/}”tszxelm{]}‘ (AA ( )

(Zﬁelmm A|/f> 2ael,, A

ot
dij =

m+1‘

If we put that

Zutk S |@an) e = > |aar), @)

ael,{j} “ a€lu{j} !
is the tth component of a column vector VF}) = [’US), 2 ] then from

B
B

b

32X Jacaenlel’ = 3 Jara(v)

/jE]:n{l} ﬁe]f,ﬂ{i}

it follows (35) with VF;) given by (37). If we initially put

wi =" 3" [(ATA) e = D |(ATA) ()]

tpelafiy pe]ali}
as the kth component of the row vector wg_l) = [wg)’ s wfﬂ , then from
2 “_ 2 AN
szk Z ‘ A )j.(ek)‘a = Z ‘(A )]‘. (Wi. ) S
a€l,{j} a€lsu{j}
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it follows (36) with wl(.l) given by (38).

b. By using the determinantal representation (12) for A% in (41), we have

&) (@) e, (BA), G

* N
ot ZZ Zﬁe]m{i} } (A"A);(ay) ‘ﬂ Zﬁejsl,n{t}
o * p
S S, |A" Al >ser,

A fj >wer, AT

Therefore,

Sper i (A7A), @)
ZZZ BET {i} B

¢ Zﬁ6]5n|A A|ﬂ

p * “
Sreptal @) (0l - Tcrin|(A87); (@),
kl % |
51,1

where e, is the kth unit column vector, ¢; is the /th unit row vector, and 4y, is

the (kl)th element of A = A" A* .
If we denote

g=> 2 A (enlau= > (47, Gl (43)

L pejg it} BE] {t}

as the Ith component of a row vector g, = [g,,...,£,, ], then

Se Y @ @) = X aan)(g)[

I acl,{j} Y ael,{j}

From this, it follows that

* . ﬂ * a
e Z/Je]m{i}| (A"A);(a; |/j aeIm{j}’(AA ’j.(gt.)>a.

aZaEIm ‘AA* ’Z

2 1
J t Zﬁe]rn’A A’ Zae[sln Am+

Construct the matrix G = (g,)) € H**", where g,, is given by (43). Denote
G:=A" AG. Then,

a

* ﬂ~ *
Sk peg, iy | (AT A) (&) (xelm{j}‘(AA )j.(ex.)

% 114
Z/ﬁefm<A A’ﬁ) Yacr,, A"

ot
i =

a a

If we denote

a

o=z > A @) = > |@an), (@)

k acla{j} Y ael,{j}
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as the tth component of a column vector Vg) = [v%), vees v;ﬂ , then
p

SN @A) ey = S ‘(A*A)j(v.(]z))’ﬂ.

t pej,{i} ﬂejs,n{i}

Thus, we have (35) with V_(]?) given by (39).
If, now, we denote

w=3" S |ArA) el = Y |(ATA) (@)

t pej {it PET i}

as the kth component of a row vector wfz) = [w}lz), o wl(ﬂ , then

o Y [aan e = 3 fiaan), (w?)

a€ln{j} * aell{j)

a

a

So, finally, we have (36) with wl(?) given by (40).

4. An example

Given the matrix

2 0 0
A= |- 1 1
—1 -1 —1
Since
4 2 2 4 0 0 8 0 0
AA* = |-2i 3 1|, A’=|2-2 0 0|, A>°=| 4—-4 0 0],
-2i -1 3 —2-2 0 0 —4-4i 0 O

then rkA = 2 and rkA? = rkA3> =1, and k¥ = Ind A = 2 and r; = 1. So, we shall
find A® and Ag by (25) and (26), respectively.
Since

2 1+i -1+i
A=A%A%"=16] 1-i 1 i |,
“1-i i 1

then by (25),

Zaell3{1}‘<A3 (A%)" > (ar)]

®r 1. a

1
= 3/a3) % T4
20611,3 A (A)

15



Functional Calculus

By similarly continuing, we get

2 14+i —1+i
1
A®:§ 1—i 1 i

-1—i

-
[N

By analogy, due to (26), we have

0
0

S O
o O

The DMP inverse A" can be found by Theorem 3.15. Since

4 2i 2i
A=AA" =4 2-2i 1+i 1+i
2.2 1-i 1-i

and rk (A3) =1, then

Furthermore, by (29),

* DN
» Zae]m{l}‘(AA )1 (ul. )‘ 1 16 8i 16 8i 1
ay) = & — det . + det —.
-2i 3 i 3 3

1 - 3 p * | T 19 g M
Zﬂ€]1,3|A ‘/}EGEIZJAA |a 192 2

By similarly continuing, we get

4 2i 2i

1
A””:ﬁ 2-2i 1+i 1+i
2.2 1-i 1-i

Similarly by Theorem 3.17, we get

Finally, by theorem, we find the CMP inverse A°T = (aff). Since rkA3 =1,
then G = A and
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6 3i 3i
G=A"AA=16|-2i 1 1
2i 1 1

Furthermore, by (40),
6 0 6 0
2 * ~ B
wd) = Z (A A)'l(g_l)‘ﬁ = (da{—Zi 2} —|—det{_2i 21) =24,
pej3{1}

By similar calculations, we get

w'? = [384,96i, 96, w’ =[—192i,96,96], w{’ = [~192i,96,06].
So, by (36), we get

a

By 2
Zaelzg{l}’(A‘A )1. <W§)> a
al’l = . 2 318

(Zaelz,3|AA |0‘> Zﬁe]m‘A |ﬂ
1 (384 1920 7384 192i))
4608 \"| 221 3 a3 ])”

By similarly continuing, we derive

W =

L[4 2
AT=—1-2i 1 1
12|

-2 1 1

5. Conclusions

In this chapter, we get the direct method to find the core inverse and its gener-
alizations that are based on their determinantal representations. New determinantal
representations of the right and left core inverses, the right and left core-EP
inverses, the DMP, MPD, and CMP inverses are derived.
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