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Robust H- Control for Linear
Switched Systems with Time Delay

Yan Li, Zhihuai Li and Xinmin Wang
Northwestern Polytechnical University
P. R. China

1. Introduction

Switched control has been applied widely in the intelligent robots, aerospace and
aeronautics engineering and wireless communications. In this chapter, the robust H- control

for linear uncertain switched systems with time delay is studied.

Switched systems with time delay include the system with single time delay and the system
with multiple time delays. Linear switched systems with time delay can be described as
follows:

N
X(0)=A,,x(O)+ ) Ay Xt —=7,)+ B, u(t)+ B, (1)
Jj=1

N
1
2(0)=Cp +x(0) + 3 Cpo ¥t —1,) + D, u(t) + By w(0) @)
=l

x(#) = §(1),t € (—max(z,),0)
where x(f)e R" is the system state vector, u(t)e R"™ is the input vector, z(t)e R"™ is the
output vector, w(f)€l, is the disturbance vector, o(f):[0,0) > M ={1,2,3...,m} is the
switching signal, 4., Ajowy, Boiy, B, Cowr s Caowrr Doy, Browy are known constant
matrices, #(?) represents the initial condition of the system, 7; represents the time delay. For

the system (1), if N=1, it is a switched system with single time delay, otherwise it is a

switched system with multiple time delays.

The state feedback control for switched systems can be designed with memory or without
memory.

For the switched system (1), the state feedback control can be designed as follows:

u(?)=Kx(t) is the state feedback control without memory;
N

u(t) = Kx(t) +ZK X(t—7;) is the state feedback control with memory.
j=1

Compared with the results on the stability of switched systems, research on the H control

for switched systems is not adequate yet. Attentions have been attracted to the H control
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66 Switched Systems

for switched systems since 1998, when Hespanha considered the problem firstly. Similar to
the stability problem, the He control problem can be classified into:

Problem A. The He control under arbitrary switching signal;

Problem B. The He control under a certain switching signal.

Problem A means the internal stability and the L, gain of the switched systems are
independent of the switching signal. Problem A is usually solved through the common
Lyapunov method which is conservative in that the common Lyapunov function is not easy
to choose.

Wu and Meng (Wu & Meng, 2009) studied H- model reduction for continuous-time linear

switched systems with time-varying delay. By applying the average dwell time approach
and the piecewise Lyapunov function technique, delay delay-dependent and delay-
independent sufficient conditions are proposed in terms of linear matrix inequality (LMI) to

guarantee the exponential stability and the weighted H- performance for the error system.

Zhang and Liu (Zhang & Liu 2008) studied the problem of delay-dependent robust He
control for switched systems with disturbance and time-varying structured uncertainties. A
sufficient condition ensuring the robust stabilization and He performance under arbitrary

switching laws was obtained based on the Lyapunov function and Finslerpsilas lemma. Xie
et al. (Xie et al., 2004) proposed conditions for uniformly quadratic stability for uncertain
switched systems based on common Lyapunov method and LMI formulation. Fu et al. (Fu
et al., 2007) proposed a the sufficient condition for the design of dynamic output feedback
control of switched systems based on the common Lyapunov function approach and convex
combination technique. Song et al. (Song et al., 2007) present the switching law and robust

H o control design for a class of discrete switched systems with time-varying delay. Song
(Song et al., 2006) also studied a class of uncertain discrete switched systems with time delay.
The switching law and the He controller are given based on the Multi-Lyapunov Function
method. Ma et al. (Ma et al., 2006) proposed an He controller with memory for discrete
switched systems with time delay.

In this chapter, the robust He control based on multi-Lyapunov-Function approach and LMI
formulation for general linear switched systems with time delay is first introduced. The
results are then extended to robust He control without and with memory for uncertain
linear switched systems with time-varying delay. Suppose all sub-systems are not robust
stable, a sufficient condition for system stabilization with H- bound is given, as well as the
design algorithm for the robust H- switched control and the switching law. The simulation
results show the effectiveness of the methods.

2. Robust H., stability and stabilization for linear switched systems
Consider the following linear switched system:

X=A4Ax+Bw

z=Cx

2)
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Robust Heo Control for Linear Switched Systems with Time Delay 67

where, x(f)eR" is the state vector, z(tf)e R"* is the output vector, w(t)€l, is the
disturbance vector, 4,B,,C; are constant matrices with proper dimensions.
i:[0,00) > M ={1, 2,3...,771} is the switching signal.
Lemma 1: X, Y are matrices with proper dimensions. There exists a scalar a >0 such that
the following inequality holds :

X'Y+Y'X<aX X+a'Y'Y (3)

Sll S12

}, the dimension of S,, is <7 . The
S21 S22

Lemma 2: For given symmetric matrix ={

following three conditions are equivalent :
I S<o
(2) S§,<0,5,-5.5S,<0 4)
(3)  S,<0,8,-5,5,5,<0
Lemma 3: For a given scalar y >0, y=max(y,),i €M , if there is a switching law i =i(x(?),?)
and a positive matrix £, satisfying
A'P+P4  PB C’
* —72I 0 |<0 (5)
* % _I
the system (2) is stable with H performance 7 .
Proof: Choose the Lyapunov function of the sub-system of system (2) as ¥V, =x"Bx. The
derivative of the Lyapunov function is
V,=i"Px+x"Px=x"(4' P+ PA4)x+w B Px+x"BPw
When w=0, if the above equation satisfies
x"(A'P+PA4)x<0
the system (2) is asymptotic stable.
According Lemma 2, the inequality (5) is equivalent to

A'P+PA PB. c’
{’ ’* o 12’1}+[6}[q 0]<0
=7

For any x(t) and w(t), the following inequality holds

Y0 |[[4R+R4 BB TCT] o o <0l _,
w' (¢) * v Lo w' (1)

which is equivalent to
V.(x(6), w(t), )+ 2" (D)2(1) =y} w (H)w(t) < O
Under the zero initial condition, we have

[T 00~y W Owodr
<, TGO 0,0+ 2 (020 =77 OOl =V, (x(490), w(490), 420)
=2 J) [P0, 0.0+ 27 0)=(0) 77w Owle) Jir =7, (x40, w(390), 490) <0
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68 Switched Systems

Thus
[ o<y j;’”wT OW()dt

0
This completes the proof.
From the above proof we know that if inequality (5) holds,
1) When the disturbance w=0, the system is asymptotically stable;

2) There exist a scalar 7 > 0 satisfying the robust H< performance

[ Zo=0d<y J:OOM (OW(b)dt

0
Therefore, we can conclude that the switched system (2) satisfies the condition of robust He
control.
Consider the following linear switched system :

x=Ax+Bu+Dw

(6)

where, x(f) € R" is the state vector, u(f)e R™ is the control input, z(t) € R is the output,

z=Cx

w(t) €l, is the disturbance. 4,,B;,C,,D, are constant matrices with proper dimensions.
i:[0,0) > M = {1, 2,3..., rn} is the switching signal.

Definition 1. For a given scalar » >0, y=max(y,),i €M , if there is a state feedback control
without memory # =K, x, such that the closed-loop subsystem of system (6) is stable with

Heoperformance 7, the system (6) is robust stabilizable with He performance 7 .
With the above knowledge, we will study linear switched systems with time delay in the
following sections. Firstly, the robust He control for general linear switched systems is

analyzed. The results are then extended to uncertain switched systems with time-varying
delay and uncertain switched systems with multiple time delays.

3. Robust H,, stabilization for linear switched systems with time delay

Consider the following Linear switched systems with time delay

x(t) = Ag(t)x(t) + Adg(,)x(t -7)+ Bo(t)u(t) + Bwo'(t)w(t)
z(t) = Ca’([)x(t) (7)
x(2) = §(t)

Where x(t) e R" is the state vector, u(t)e R™ is the control input, z(¢) € R™* is the output
vector, w()el, is the disturbance, ;eR? is the controlled output,
o(1):[0,0) > M ={1,2,3...,m} is the switching signal, 4,,, B.u)» 4icwy» Buowy» Cou are
known constant matrices, 7 is the time delay, #(?) is a smooth function on R" presenting
the initial condition of the system.

Theorem 1. For system (7), and given scalar y >0, y=max(y,), If there exist a switching

law o(#) =i and positive matrices F, R, € R such that the following inequality holds:
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Robust Heo Control for Linear Switched Systems with Time Delay 69

S, P4, BB, C'

w

* _R 0 0
* % _},_21 0 <0 (8)
* * * .y

where S, =(4+BK,)" P+ P(A+BK,)+R,, system (7) is stabilizable with He performance 7 .
The controller is u(f) = K,x(f) and the switching law is o(?) =arg TIELH{XT (OEx(D)},
Proof: Suppose there are positive definite matrices P, R, € R™ and matrix K, € R"™", such

that the linear matrix inequality (8) holds. The controller is u(f) = K;x(t) and choose the
Lyapunov function as

V(x(t),w(t),t) = x" (£) Px(t) + J.t; x" ($)R x(s)ds
Then,
V(x(t),m(t),t) = 3" (£)Px(t) + x" () Px(t) + x" ()R x(t) — x" (t — 1) R x(t — 1)

=x"(O)[(A+BK,)" P+ P(A+BK))+ R ]x(t)+
x" () BB w(t)+w' ()BL Px(t)+x" (t —7) A Px(¢)
+x" (OPAx(t—7)—x"(t—7)Rx(t—7)

When w(¢) =0, if (10) holds, the closed-loop system of system (7) is asymptotically stable.

Thus,

©)

x"(O[(A+BK,)" P+ P(A+BK,))+ R 1x(t) +x" (t—7) A} Px(¢)
+x" (OPAx(t-7)-x"(t-7)Rx(t-7)<0

Rewrite the inequality (10) as
x(t) } {Sl P,-Ad}{ x(t) } 0 1)
x(t-7)| [ * R ||[x(t-7)

By Lemma 2 and inequality (8), we have

(10)

_Sl PtAd PiBw_ CT _CT '
* —R 0 [+ 0| 0] <O (12)

1

* * _71'21

For any x(¢),x(f—7),w(t), the following inequality holds.
0 T[S P4, BB x) [ x0 T[T x0)
xt-7o)||* =R 0 || x(t—7)|+|x(t—7)|| O | O ||x(z—7)|<0 (13)
we) J[* 0 L we J L@ [0 0] w

Thus, we have
V(x(t), w(t),t) + 2" ()z(t) — ;W' (£)w(t) <0

With y =max(y,),i € M and under zero initial condition, we have
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70 Switched Systems
J, T2 0z =W (wilar
< [T G0, w(0),0)+ 27 (0)2(0) = 72w (Ow(O)]dt =V (x(+00), w(+00), +20)
M 1. .
=2 L' [V (x(8), w(0),0) + 2" (z() = 7, w" ()W)t =V (x(+00), w(+90), +0) < O
i=1
Thus
[RERGEGIE ﬂo“" W (O)w(t)dt
that is
2T (Oz(t)dt <y’ w (OW(1)
This complete the proof.
Remark 1. To convert the inequality (8) into an LMI, right and left multiplying the following
matrix
X, 000
0 7 00
0 07 0
0 0 0 [
to inequality (8) lead to
S 4, B, XC'
* R0 0
=il 0
* * * -y

where, S=A4X,+X,A +BY,+Y'B"+0,, X,=P"Y=KX,,0,

=X.RX., The state feedback

[y i A

gain K, =Y X;',ie M can be obtained by solving inequality (14).

Example 1 Consider the linear switched system (7) with

C[-1 =21, [
A= A=
12 0

¥ =3,w'(t) =cos(t), 7 =0.2.

, [-15 21 , [-1 -1
A= A=
13 0 0

¥ =3,w(t) =cos(t),r> =0.2.

-1 Bl_l_
o |1

1
1}’312

B;:[

By solving the linear matrix inequality (14), we have:

P1:{0.1967 -1.2115
~1.2115  7.4606
, [ 0.0281 -0.1732
{—0.1732 1.0670
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(15)

},K1:[1.1140 -6.8599]
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Fig. 1. State response of Example 1

By Theorem 1, the switching law is designed as:
T 1 2
G(t):iz{l,x (P' = P)x<0
2,x"(P'-P)x>0
The state response of the closed-loop system is shown in Figure 1. x1 and x2 are system
states, the initial condition is [x1,x2]=[10,-10]. The result shows the system is stable under
the switching law when it is switched among the closed-loop subsystems.

4. Robust H,, stabilization for uncertain linear switched systems with time-
varying delay

Consider the following linear uncertain switched system with time-varying delay

X(1) = (g + A, )2(0) + (Ao ) + Ay ) )X(E = d (1) + (B, + AB, ) Ju(t)
+ (B ) T AB ) Jult = h()) + (B, ) + AB,, () )W(?)
2(1) =(Cpy + AC, ()X +(Cyppy + AC ) )Xt =d () + (D, + AD, ) Ju(r) (16)

+ (Dha(t) + ADho’(t))u(t —h(t))+ (B,
x(t) = ¢(t),t e[-max(d(t), h(2)),0]

where , x(tf)eR" is state vector, u(t)e R™ is the control input, z(f)e R™ is the

+ ABZWU(t) )W(t)

wo (t)

output, w(t) €1, is the disturbance, o(#):[0,0) > M ={1,2,3...,m} is the switching signal,

Aoy s Aiwwr s Bors Biow s Buow s Cows Cicwrs Dowry Diows Brww are known
constant matrices, A, AB,,, AB,u, AB..., AC,,, AC,., AD,,, AD,,,

AB, ., are bounded real functional matrices with proper dimensions, representing the
uncertainties, ¢(?) is the initial condition. d(t) and h(t) are the state delay and the control

delay respectively. There are positive scalers d,4, p,, p,, such that
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72 Switched Systems

0<d(t)<d <o,d(t)< p, <1

. (17)
0<h(t)<h<o,h(t)< p, <1
Denote
A= Ao’(t) + AAO'(t)’ A4, = Ado‘(t) + AAdo’(t)’B = Ba(t) + ABO'(t)
T Bho’(t) + ABho‘(t)’Bl = Blwo’(t) + ABlwc(t) (18)
C= Ca(t) + ACa(t)’ C, = Cda(t) + ACdU(t),D = Do,(t) + ADa(t)
h Dha(t) + ADha(t)7B2 T B2wa(t) + ABZWO'(!)
and suppose:
A‘Aa'(t) AAa’o‘([) ABo'()t) ABha'(t) ABlwo’(t) _ ]{10'
AC AC AD AD AB - H F;‘(t) [Elo' EZG’ E3O' E4O' ESO‘] (19)
o(t) do(t) o(t) Moy 2wo(t) 2

where H ,,H,,,E,,E,,,E;,,E,,, E;, are constant matrices with proper dimensions and
satisfying
T
Fo‘(l)Fa'(t) < [ (20)
Theorem 2 For a given scalar 7, >0, if there are positive definite matrices P, R, R,, € R"",

such that :

S, P4, B,K,  PB C'+K/D"]

* —(-p,)R, 0 0 Ci

* * _(1_ph )sz 0 KiTEhT <0 (21)
* * * i B!

% * % % _[

where
S,=A"P+PA+K'B"P+PBK,+R,+R,
the system (16) is robust stabilizable with He performance 7, y=max(y;). u(?) =K x(?) is
the switched robust He controller. The switching law is 0(f) =i =arg filgln{xT (DFx@)},
Proof: If there are positive definite matrices P, R,,,R,, € R"™" and matrix K, € R"™" satisfying

the inequality (21) with the controller u(¢) = K;x(t) and Lyapunov function:
xT(S)Rzix(S)dg

!

PO =X OPXO+[ | T ORXds+]
Then
V(@) w(0),0) = " (OBx(2)+x" ())B3(1) + X" (O)(R,; + R, )x(0)
—(I=d(O)x" (1= d(e)R,x(t = d(£)) = (1= h(£)x" (= h(1)) Ry, x(t — (1)
=x" () A" Px(t) + x" (t)PAx(t) + x" ()K" B" Px(t) + x" (t)PBK x(t)
+x" ()R, + R, )x(t) + x" () PBw(t) + W' (£)B] Px(t) (22)
+x (¢ =d(6) Ay Bx(6) + X" () PAx(t = d(0) + X" (¢ = h(£) K, B Bx(0)
+x" (1)PB,K.x(t—h(t)) —(1—d(£))x" (¢t —d ()R x(t — d(t))
~(L=h()x" (¢ = h(e) Ry x(t —h(1)
When w(#) =0, considering condition (17), if inequality (23) holds, the closed-loop system is
robust asymptotically stable
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x" (1) A" Px(t) + x" () PAx(t) + x" (t)K.” B" Px(t) + x" (t)PBK x(t)

+x" ()R, + R, x(t) +x" (t—d (1)) A Px(t) + x" (t)PA,x(t —d(t))

+x" (t—h(t))K, B Px(t)+ x" (t)PB,K x(t — h(t))

—(1=p)x" (t—d(t))R x(t —d(t))— (1 p,)x" (t = h(t))R,,x(t — h(t)) < 0

Rewrite inequality (23) as

[ X (-d@) " —h@) W[ ¥ (-d() xT(t—h(z))]T<0

where
A"P+PA+K'BK,+R,+R, PA, PB,K,
W= * —(1-p,)R, 0 <0
* * ~(1=p)Ry,
By inequality (21) and Lemma 2, the following inequality follows
| A'P+PA+K'BK+R,+R, P4, PBK, PB
* ~(1- p,)R, 0 0
* * ~(1=p)R,, 0
* * * _7_2 I
[ CT+K D"
C; -
4 C+DK, C, DK, B, |<0
KiTDhT I: d h 2 i|
ET
For any x(2),x(¢ —d(?)), x(t —h(2)), w(?) , the following inequality holds
xt) |[AP+PA+K'BK+R +R, P4, PBK, PR x0
x(t—d(t) * (-p)R, 0 0 |xt-d@)
X(t—h(®)) * * ~(=pIR; 0 | Mt —H(1))
we | * * A G
) [ +K'D 20
t—d(t O/ t—d(t
JON 8 e 6 e 3]0
se-ho) || KD =) |
wo J[ B (o)
Thus

V42" (0)z(t) — y*w' (£)w(t) < 0

Under zero initial condition with 7 = max(y,),i € M , we have
[ = 0z =W @wio)ar
< J.(:W[V(x(f)a w(t), 1)+ 2" (6)z() =y 2w’ (O)w(t)]dt —V (x(+00), w(+00), +0)

= Z L t [V (x(£), w(0),0) + 2" () z(£) — 7w (6)w(E) e =V (x(+00), w(+00), +00) < 0

Therefore

www.intechopen.com
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74 Switched Systems

[ 0=0d <y j:" W (E)w(t)dt

0
This completes the proof.

Remark 2: Although theorem 2 presents a sufficient condition for the robust stabilization
with He performance 7, there are still uncertainties in the inequality (21).

Theorem 3 For the switched system (16) and a given positive scalar 7,, if there are matrix

Y, with proper dimension, positive definite matrices X;,0,;,0,; and scalar « >0 such that

S 4,X; B,Y, B, @ XE + YiTE3T_
* _(l_pd)Qu 0 0 XiCdT XiEzT
T NnT T T
: : -(1- fh )0, 02 Y, rDh Y 54 <0 (29)
-yl B, E;
* * * *  —I+aH,H, 0
* * * % % _al
where
S=XA"+A4X,+Y'B" +BY,+Q,+0,, +aH H,
and

p=XC'+Y'D" +aH H,
holds, the system is robust stabilizable with He performance 7, 7 =max(y,). The robust

He switched controller is given by:

K=YX icM (30)
And the switching law is
o(t)=i=argmin{x’ ()X, x()} (31)

Proof: For any non-zero vector &, by inequality (21), we have

S P4, PBK, ~ PB C'+K'D'|
* l-p)R, 0 0 6;
Flx* Al=p)R, 0 K'D |§={LE+EALE<0 (32)
* * * _7,1_2 I §2T
* * * * I
where
S, F4, FB,K, FB,, C"+ KiTDT
* _(1 —Pa )Rli 0 0 CdT
L=|* * —(1- Ph )R2i 0 KiTDhT (33)
* * * * -]

S,=A"P+PA+K,B"P+PBK,+R,+R,,

and
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PH | B
0 0
N 0 |FO[E+EK E EK E O+{E+EK E EK E 0 F() 0 (34)
0 0
By Lemma 1 and inequality (20), we have
[ PH, | RZAl
0 0
AL=| 0 |FOF' ()| 0
0 0 (35)
L Hz i L H2 .
+[E+EK, E, EK, E, O FOF (0)[E+EK, E, EK, E 0]
<al,+a’'L,
where a >0,
"PH[PH,T
0 0
L= 0| 0
0 0
L HZ JL H2 n
L =[E+EK, E, EK, E O][E+EK, E EK, E, 0]
If
L+alL +a'L,<0 (36)
the inequality (21) follows
By Lemma 2, inequality (36) is equivalent to:
s, PA, PBK. ~ PB, C'+K'D' +qPHH' E'+KTE']
* =(=p)R, 0 0 Cy E;
* 1 _(1 — Py )R2i 02 KiTTDhT Kirff <0 (37)
* * * —yH Bl B,
* * * * —-I+aH,H, 0
* * * * * —al

Denote

X, =P",0,=X.R,X,,0,, = X,R,,X,,
and K, =YX
where S, =A'P+PA+K/B"P+PBK,+R,+R,, +aPHH/P, Y, is an arbitrary matrix with
proper dimension. 0,,,0,, are positive definite matrices with proper dimensions. By right
and left multiplying the following matrix to the inequality (37)
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76 Switched Systems

X 0 0 000
0 X 0 00 0
0 0 X, 00 0
0 0 0 I 00
0 0 0 010
0 0 0 0 0 I]

the inequality (29) follows.
This completes the proof.
Example 2 Consider uncertain switched system (16) with

C[237 [ 1], [2 1] , [o2 o
A = LAl = ,B' = ,Bl' = ,
3 4 0 0 0 3 0 03
CfosT . Tos] ., [1 o] ., [os 02] , [05 0
B2 =| T B3=| | C= ,Cl' = ,D' = ,
0.3 0.4 11 02 0.1 0 0.4

. (04 0 (1o . |05 04] . [05 03
Dl' = JH1 = JH2' = JEl' = :
0 02 0 1 0 0 0 0.6

. [os 04] , Tos 07 ., [o o] ., T[o2
E2 = ’E3 = ,E4 = ,ES = 5
0 0 10 05 0 05 0.2

{. ) ) o, [0
, [05 0 , [t o] o5 04] , [1 0
DI’ = JHI = JH2? = JE1> = ,
0 02 0 1 0 0 0 1
L fos5 04] (1 0] .o o] ., [
E2 = ’E3 = ’E4 = ,ES =
0 0 0 0 0 05 1

F'()=sin(t), F* (t) =sin(f), W () =clos(¢), w’ (t) =cos(t), & = =0.5,
d'(t)=0.3sin(t/3.85),d"(£) = 0.3sin(t / 3.85), h'(£) = 0.2sin(z / 3.85),
1*(t)=0.2sin(t/3.85), 0, =0.3, 0, =0.2,5, =3,p°, =03, p°, =0.2,y, =3

By Theorem 3, we have:
Pl—{4'0697 0 } 1 {—8.6086 —0.7780}

0 4.0697 " -2.3540 -6.1658
, [1.9297 3.1929] , [-0.6417 -1.0618
_[3.1929 5.2830}’ {—3.6147 —5.9809}
and the switching law is designed as
G(t)ziz{l,xT(Pl—PZ)xSO
2,x"(P'=P)x>0

(38)

Choose
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The state response is shown in Figure 2.

Fig. 2. State response of Example 2

x1 and x2 are system states. The initial condition is [x1,x2]=[5,-5]c The result shows the

system is stable under the switching law when it is switched among the closed-loop sub-
systems.

5. State feedback robust H.. stabilization for linear uncertain switched
systems with multiple time delays

Consider the following linear switched system with multiple time delays
X(8)=(A4,,) +2d,,)x(?) +i(A¢.J(,) +A,, (7))
Jj=
HB,,, +AB,  u(t)+B,, W)
2(t)=(C,,, +AC,, )x(t) +i(C¢. oty FAC o WXt =T;)
=

HD,,, +AD,, yu(t)+ B, ,\¥)
x(#) =40),t € (—max(z,),0)

(39)

where x(f) e R" is the system state vector, u(r) e R"' is the control input of the system,
z(t) e R™ is the output vector, w(?) €/, is the disturbance, o(t):[0,00) - M = {1, 2,3...,m} is the
switching signal, 4,¢,, 4yory> Bowy, Bow s Cowrs Caowrs Dow s Brow are known
constant matrices, A4, Ay, 0B, AC,., ACu.w, AD,, are bounded time-
varying real functional matrices with proper dimensions, denoting the uncertainties of the

switched systems. ¢#(?) is the initial condition of the system. 7; is the delay of the system
state.
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Denote

A=Ay + A Ay = Ay + Ay, B= B,y +AB ) (40)
C=Coy +AC ), Cy = Coy +AC oy D= Dy +AD,
and suppose :
AA t AA jo(t ABo't H
|: Ca( ) ACdj @ ( ):| =|: lo :|F0'(t) I:Ela EZja E3U:| (41)
A o(t) dio (1) ADo’(t) HZO'

where H,,,H,,.E,,,E,,,,E;, are real constant matrices with proper dimensions, and £,
satisfies:

(1)
Theorem 4. For a given scalar 7,>0 , if there are positive definite matrices
P,0,;,...0y € R™, such that:

FliFo <1 )

S, P(4,+BK,) .. P(4,y+BK,) PB C'+K/D"]
* -0, 0 0 0 C,+K.D"
* 0 0 0
=T r=r | < 0 (43)
* 0 0 _QNi 0 CdN + KNiD
* * * * _71'2] BzT
* * * * * -7

_ _ _ _ N
where S,=(A4" +K/B")P+P(A+BK))+>» Q. , the system (39) is robust stabilizable with He
j Yy

J=1

performance 7, y =max(y,). The state feedback switched H - control with memory is
N

u(t)=Kx()+Y K x(t-7,)
=1

Proof: Suppose there are positive definite matrices FP,Q,;,...,0,y € R"™" and matrices
K,K,eR™ , such that the inequality (43) holds. The state feedback control is

N
u(t) = Kx(1)+ ZK X(t—7,) . Choose the Lyapunov function as
=1

V(x(t), w(t),t) = x" (t) Px(t) + ﬁ: J.:_,v x' ($)Q;x(s)ds

J

The derivative of the Lyapunov function is:
Va0 =¥ OB+ ORI+ Y 000~ ¥ (=5)0(1—,)
= (OB(A+BK)+(A+ BK) P+ 0, Moy Y (—2, (A, +BK,) Pxtt) (44)

OB, +BK -1, OB B0+ BN~ Y (7, )0tt—7,)

When w(?) =0, if the following inequality holds, the closed-loop is asymptotically stable
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N N
X (OR(A+BK)+(A+BK) B+ 0,0+ 3 x (t—7,)(A; + BK ) Ex(1)
. (45)
+Y X (OP(A, +BK )x(t—7,)- D x"(t—7,)0,x(t—7,) <0
j=l j=l
Rewrite the above inequality as
xt) T[S, P(,+BK,) .. P(4,+BK,)]| x(
M=) | | * -0, 0 0 xt=n) | _,
* 0 0
x(t—7y) | | * 0 0 Oy x(t—7y;)
By Lemma 2 and inequality (43), we have
'S, P(4,+BK,) .. P(Ay+BK,) PB|[C+K'D [ C+K'D |
* -0, 0 0 0 Ci+K.D || C+K.D'
* * 0 0 [+ <0 (46)
* * * -0, 0 CL+K.D | C +K.D'
i % % % % _7,1_2 [_ i BzT 1 B2T |
For any x(9),x(t —7,),..x(t —=7,,),w(t), the following inequality holds.
[ x0) T[S P(4,+BK,) .. P(4,+BK,) PB | x(t)
x(t-7,) | | * -0, 0 0 0 x(t—7,)
* * 0 0 +
x(t—7y) | | * * * 0Oy 0 || x(t—7y)
wt) J * % % % _%_2[ i w(t)
e e i i (47)
x(7) C'+K.'D" || C"+K'D" [ [ =x()
x(t-7,) | | CL+KD" || Cl+K!D" | | x(t-7,)
<0
x(t-7,) | | Ch +KLD" || Ch, +KLD" | | x(t-17,,)
W) || B . B [ w0

Thus

V(x(t), w(t),t) + 2" ()z(t) — y W (t)w(t) <0

Under the zero initial condition, by setting 7 = max(y,),i€ M, we have

J.Om [27(0)z(t) = y* W (£)w(t)]dt

<

0

Therefore

0

This completes the proof.
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Remark 3. Theorem 4 presents a sufficient condition for robust stabilization with H
performance? . Since there are uncertainties in inequality (43), it can not be solved directly.
Lemma 5 : For system (39), and given positive scalar 7;, if there are matrices Y,Y,,..Yy;,
positive definite matrices X;,R,,...,Ry; with proper dimensions, and scalar & >0, such
that the following inequality holds

S AX+BY, .. A, X+BY, B ¢ XE +YE]

* R, 0 0 0 XC+Y D' XE+YE

& A . 0 0

3 * * R, 0 XC,+Y.D' XE, +Y,/E |<0 (48)
% * % * _%Z] BzT 0

* * % * % _1+aHszT 0

% * % * % % —al

N
where S=X,4" +4X,+Y'B"+BY,+ Y R, +aH H]  ¢p=X,C"+Y'D" +aH H! the system (39)
j=1
is robust stabilizable with He performance 7 =max(y;). The robust He control is given by :
u(t) :Kix(t)+ZK xX(t-7,), K, =YX K, =Y, X "'ieM,jeN

i 7 Ji

The switching law is o(?) = arg rl;gj'l\ln{xT X, x(0)},

Proof. The proof is similar to Theorem 3, and is omitted.
Example 3 The linear uncertain switched system (39) with multiple time delays is given

below.
e —11A11 104_1031_1031_0.1
B 1/ o o2 1o o o 1" o1
oo Cfo1 0] , o o] , [o5 o
C1: asz ,D =
0 0 0 02 0 04

10 Hi= 05 04 . 0.5 0.2 . 05 04 o 02 05
“lo 1/ o 1o o™ o o™ 0o o

{
{04

(49)

0]
0
and 7) 3V\)(t) t),F = Sln(t)d 0.5,2'1l =2'; =0.02
{ 0] {_1 1} 2 {_1 o} 2 {1 0} 2 {0.2}
’Al A2= ,B™ = ’Blz
1 0 0 0 0 0 1 0.1
|: :| |: 1} 5 [0.1 0} 5 [O 0} 5 {0.5 0}
C = ,C) = ,D™ =
0 1 0 O 0 02 0 04
{1 } 2 {03 04} ) {0.5 0} 5 {0.2 0.4} 5 {0.4 0}
JE; = By = By =
0 0 0 02 0 0 0 02
05 0
0

[a—
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and y*> =1,w(t) = cos(¢), F*(¢) =sin(t),a’ = 0.5,z =7, =0.02

5 \ \ \ \ \ \ \ \
[ [ [ [ [ [ [ [
S ) N ) SN IR B L
45 [ \ \ [ | \ [ | x2
‘\ I I I I I I I I |
3-rHr—-———I-——+ -+ - —-—-— 4 - - === — - — —+ - — —
N [ [ [ [ [ [ [ [ [

N | | | | | | | |
2777\7}7777777\7777\7777777\7777\7777\777\7777
[ | | | | | | |
b oo s_ 0L _L_ - __Jd___1L___|
N | | | | | | |
| N | | | | | | |
O — —I— — =4~ === — T = +———

[ [ [ [ [ [ [ [
| | | | | | | | |
_1f/
| | | | | | | | |
) L [ N
| | | | | | | | |
[ [ [ [ [ [ [ [ [
3F—— - —— 4+ ———fF - - —— - — A ——f - —— - —— - — — - — —
[ [ [ [ [ [ [ [ [
| | [ | [ [ | [ |
2 i Bty M ittt S R M e A
| | | | | | | | |
5 ! ! ! ! ! ! ! ! !
0 2 4 6 8 10 12 14 16 18 20

Fig. 3. State response of Example 3

By Lemma 5, the state feedback gain for system stabilization with He performance are

Py {0.0352 0.2345} :{4).0171 4).1135} K { 0.0559 0.3723} :{ 0.0559 0.3723}
"lo2%s 15610 |-03%27 26146 ' |-1.0425 —-6HI13[ 7 | -L0425 -69413
ZX{ 0.0025 4).0842} 2=[4).0075 0.2345} 2=[4).0714 2.3169}K2 {4).0721 2.3395}

200842 2673 [ 0.1130 -3.60644 [ 02707 8771%4[ % | 02729 -8.84%0

The switching law is:
Lx"(P'-=P*)x<0

of)=1= {2,xT(P1 -P)x>0

The state responses are shown in Figure 3.
x1 and x2 are system states, the initial condition is [x1,x2]=[5,-5]. The result shows the

system is stable under the switching law when it is switched among the closed-loop
subsystems.

6. Conclusion

This chapter studies the robust He control for linear switched systems with time delay. After
introducing robust He stability and stabilization of linear switched systems, we firstly

analyzed robust He control for general linear switched systems with time delay. Based on
the multi-Lyapunov-Function method, a sufficient condition is derived in terms of LMI. The
robust He control and the switching law design are also given.
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By involving uncertainties and time-varying delay, the robust He control for uncertain

linear switched systems with time varying delay is studied. Through the multi-Lyapunov-
Function approach, a sufficient condition is given in LMI formulation. The robust switched

He control and the the switching law design are presented as well.

The state feedback robust He control with memory is also studied for uncertain linear
switched systems with multiple time delays. A sufficient condition is given as well as the
robust switched He control and the switching law.

[llustrative examples are given to show the effectiveness of the proposed methods.
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