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Chapter

Fractal Geometry: An Attractive
Choice for Miniaturized Planar
Microwave Filter Design
Hadi T. Ziboon and Jawad K. Ali

Abstract
Various fractal geometries are characterized by the self-similarity and spacefilling properties. The space-filling feature has been successfully applied to design
multiband antenna structures for a wide variety of multifunction wireless systems.
On another hand, the second feature has proved its validity to produce miniaturized
antennas and passive microwave circuits including the band-pass filters (BPF). This
chapter demonstrates the design of miniaturized microstrip BPFs that are derived
from fractal-based DGS resonators. Many microstrip BPFs based on the Minkowski
fractal DGS resonators will be presented together with those based on Moore and
Peano fractal geometries. Simulation results, of all of the presented BPFs, show
that an extra-size reduction can be obtained as the iteration level becomes higher.
Measured and simulated results agree well with each other. A comparison has been
conducted with other filters based on Peano and Hilbert fractal geometries. The
results reveal that the proposed BPF offers acceptable performance and a significant
decrease of higher harmonics.
Keywords: miniaturized microwave BPF, fractal-based DGS, Minkowski fractal
geometry, Moore fractal geometry, Peano fractal geometry

1. Introduction
Microwave antenna and passive circuit designers have to meet the ever encountered challenges to produce components with miniaturized size and multiband
operation. To meet these challenges, the various fractal geometries have been found
to be an attractive choice. These geometries have two unique features: the space filling and the self-similarity. For more than two decades, these features have opened
the novel and essential techniques for the design of the microwave antennas and
passive circuits. The benefits of incorporating these geometries are, among many,
enhanced bandwidths, compact sizes, partless electronic parts, and improved
performance. Furthermore, fractal-based structures offer an additional epoch of
optimizing design mechanisms. These mechanisms are applied successfully in the
antenna design, although they can be implemented in a wide-ranging way [1].
Away from the application of the different fractals to produce small-size microwave filters, the use of fractal geometries has been earlier to take place. In this context, the antenna design and the distinctive features, that the various fractal-based
structures have, were efficiently adopted to create compact size multi-resonant
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antennas [2–9]. Besides, researchers have effectively proposed a variety of fractal
geometries to modify to the typical microstrip structures which are efficiently
endorsed to obtain miniaturized size of multiband antennas and BPFs for great
types of wireless communication. In this perspective, the classical Euclidean shapes,
such as the square, have been shaped in the form of the Sierpinski carpet to design
a dual-mode BPF [10, 11]. Numerous traditional fractal structures attracted the
microwave passive circuit designers to produce of miniaturized microstrip BPFs
as well [12, 13]. Microstrip structures with Peano fractal-shaped resonators and its
modification were employed in the conventional resonators to fabricate efficient
miniaturized single- and dual-mode BPFs with single-band performance and also
dual-mode implementation [14–17]. Researchers attempted to try modified versions
of the classical fractals in the attempt to get higher space-filling curves to design
highly miniaturized resonant structures. The modified variants of the Minkowski
fractal proved its validity to suggest microstrip BPFs with more size reduction
[18–21]. As an impressive result, the Minkowski fractal-based BPFs are characterized with a resonant performance with reduced harmonics [22].
In contrast, the defected ground structures have been applied to design miniaturized BPFs. Enhanced filter characteristics have shown to be attractive, and a
growing research effort has been devoted to this topic as implied in the literature.
However, most of the reported studies have been dedicated to the design of the
microstrip LPFs. It is worth here to say that the application of various fractals and
their variants to reshape the defected ground structures has revealed to be successful to offer extra-size reduction besides the improved filter performance [23–28].
The conventional Hilbert fractal geometry has been adopted to modify a defected
ground structure in an attempt to produce a miniaturized microstrip low-pass
filter [23]. A defected ground structure that has been modeled according to the
Hilbert fractal curve is implemented to enhance the out-of-band performance of
the filter. The fractal structure has been loaded with open stubs for this purpose.
The Sierpinski carpet-based defected ground structure is successfully utilized to
produce a microstrip low-pass filter as reported in [24]. Also, the variants of the
Minkowski and Koch fractals were employed to modify the shape of a defected
ground structure CSRR to produce a compact-size band-pass filter [25, 26].
In this chapter, the design of a miniaturized microstrip band-pass filter is loaded
with a fractal-shaped defected ground structure. A Minkowski fractal variant, with
various iteration orders, has been adopted in the modification of the form of the
defected ground structure of the proposed BPF. In addition to the reduced size,
the proposed band-pass filter is found to present acceptable resonant characteristics with harmonics reduction capability. Even though the various fractals in the
production of defected ground structure resonators are used to construct miniaturized microstrip band-pass filters, it is interesting to mention that the proposed filter
design presented in this work has overperformed numerous of its category since it
possesses a considerably reduced size besides the acceptable performance.

2. The modified Minkowski fractal geometry
The most critical criterion in the selection of a fractal curve, from the aspect
of the microwave circuit miniaturization, is its dimension. The higher the fractal
dimension, the better the fractal curve fills the given area, therefore achieving
higher compactness. The generation process of the traditional Minkowski fractal
curve is adopting a square with 1/3 unit side length, instead of an equilateral
triangle of the same side length. The corresponding fractal dimension is 1.465. For
comparison purposes, Table 1 shows the fractal dimensions of some fractal curves
2
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Fractal curve type

Fractal dimensions

Koch curve

1.2618

Sierpinski triangle

1.5848

Sierpinski carpet

1.8928

Koch snowflake

1.2618

Cantor set

0.631

Minkowski curve

1.465

Table 1.
The fractal dimensions of some fractal geometries [29].

that are widely adopted in the design of microwave antennas and circuits. For
this, to enhance the input/output coupling and to obtain a practical range of the
fractal dimension of the standard Minkowski fractal curve, a modified variant is
introduced.
Figure 1 illustrates the generation process of the proposed Minkowski fractal
variant. The figure shows the generation of the modified version up to the second
iteration as applied to a square ring. In this version, the typical 1/3 ratio which is the
most popular in the generation of the majority of various fractal curves has been
replaced by an arbitrary ratio.
As the generation process implies, the shape variations in the sequential steps,
depicted in Figure 1(b)–(d), can be thought as a means to enlarge the surface
charge density pat as compared with that of the typical square ring resonator. This
increase of the path length will lead to lower the resonant frequency. In other words,
this will decrease the size of the resulting filter if the operating frequency is kept
unchanged. For the nth iteration, the proposed Minkowski fractal variant has been
found to have the perimeters given by
w

Pn = (1 + 2 ___2 ) Pn−1
L∘

(1)

where Pn is the perimeter of the nth iteration fractal structure, w2 and Lo are as
depicted in Figure 1. Examining Eq. (1) and Figure 1, it is clear that at a specific
iteration level, when varying w1, w2, or both, a broad diversity of structures with
distinctive perimeters can be achieved.
According to Falconer [29], the modified version of the Minkowski fractal
geometry is called multi-fractal or fractal geometry with more than one ratio in the
generator: a1 and a2. For this case, the fractal dimension, D, can be obtained from
the solution of the following equation:
D

2 (_1 (1 − a1)) + 2 a2D + a1D = 1
2

Figure 1.
The generation process of the proposed Minkowski fractal variant [18, 25].
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Figure 2.
The variation of the fractal dimensions of the modified Minkowski fractal with the parameter w2 as a
parameter [30].

Figure 3.
The variation of the fractal dimensions of the modified Minkowski fractal with the parameter w1 as a
parameter [30].

where a1 and a2 are the ratios w1/Lo and w2/Lo, respectively. The parameters w1,
w2, and Lo are as indicated in Figure 1.
To demonstrate the effects of varying w1 and w2 on the resulting dimension of
the modified Minkowski fractal structure, Eq. (2) has been plotted against w1 and w2
for as shown in Figures 2 and 3, respectively. The parameter w1 has been varied from
zero to 0.5 in steps 0.1, while w2 has been ranged from 0.05 to 0.45 in steps of 0.1.
Examining Figures 1–3 and Eq. (2), it is clear that when w1 is equal to zero, the
fractal dimension will equal to 1, which represents the non-fractal state. In this case,
the resulting structure is not with a fractal shape; it is merely a Euclidean square
which has the dimension of 1. Furthermore, when w1 and w2 are both equal to 1/3,
which is the case with the conventional Minkowski fractal curve, the dimension will
be 1.465 as shown in Table 1.
4
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As a conclusion, it is likely that further size reduction will take place after the
application of the fractal-based structures to the traditional Euclidean-shaped resonators. This process implies that the increased space filling of the modified structures, at the successive iteration levels, will lead to an additional size reduction. The
enlargement in the resulting length will result in the reduction of the corresponding
size required to implement the fractal-based BPF. Hypothetically, as n goes to infinity, the resulting occupied length will approach to infinity. The capability of the
new structure to enlarge its length in the following iteration levels has been shown
fascinating for investigating its size reduction ability as a microstrip BPF.

3. The proposed filter design
In this work, many band-pass filters with fractal-based defected ground structures were modeled. The ground planes of these microstrip filters are defected using
slots in the shape of two coupled resonators [31]. The suggested DGS consists of
two coupled open-loop slot resonators in the form of the Minkowski fractal variants
depicted in Figure 1(b)–(d). Three microstrip band-pass filters have been modeled.
Each filter has a fractal-based defected ground structure corresponding to a specified iteration order. The performance evaluation of each filter has been carried out
using the commercially available EM simulator, IE3D [32].
Figure 4 demonstrates the configuration of the proposed microstrip DGS BPF
filter. Here, it is clear that L denotes the resonator side lengths of the filters, D is
the gap width, X is the inter-resonator spacing, and W is the distance between the
longitudinal filter center and the transmission line lower edge. It is apparent that
two coupled open-loop slots defect the ground plane of this filter. The slots take
the shape of the Minkowski fractal variant of the second iteration. The proposed
band-pass filter is constructed using a substrate with a relative permittivity of 2.65
and thickness of 1.0 mm. A microstrip transmission line is printed on the top of
the substrate as shown in Figure 4(b). A gap with a width D is etched in its center.

Figure 4.
(a) The layout of the proposed DGS BPF, (b) the front and (c) the back views [31].
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The input/output ports have 50 Ω characteristic impedance. The corresponding
transmission line width is found to be 2.75 mm. The defected ground structures are
etched on the bottom side of the substrate as demonstrated in Figure 4(c).
Throughout the simulation of the proposed BPF, the length L is maintained
constant as that of the open-square-loop resonator. Consequently, at the design frequency of 2.45 GHz, the length L, for the simulated band-pass filter with the square
open-loop resonator is equal to 12.50 mm at resonance. This value corresponds to
about 0.15 λg. Then, λg is calculated as
λo
____
λ g = ____
ε
√

reff

(3)

where εeff is the effective permittivity. Various EM simulators provide the means
to calculate εeff using an embedded calculator. However, the empirical expressions
required for the computation of εeff can be found in the literature [33]. On the other
hand, the application of the fractal structures means that an extensive length will
be added to that of the resonator structures. In this case, it is not conditional that
the new lengths are equal to half or multiple of λg at resonance. This is because not
all the resonator length will be part of the cause of realizing resonance. This fact
becomes more evident when studying the charge density distributions on the various parts of the modeled filters.
It should be mentioned that the resonator lengths, L, of the simulated BPFs are
kept fixed at a specified value. In the next section, it will become apparent that
the parameters D, X, and W play a crucial influence on the final BPF resonant
responses.

4. The simulation results
The resonant response of a band-pass filter is, in general, assessed all over its
passband specifications, together with its passband insertion loss. It is essential that
the insertion loss has not exceeded a certain specified level, and it should be reliably
below some particular value throughout the occupied passband. The band-pass
filter has to offer as much elimination of undesired signals as possible, both in its
lower stopband and upper stopband outside of the low-loss passband. However, to
describe the degree of selectivity of a band-pass filter, the term what is the roll-off
rate is introduced [34, 35]. The roll-off rate, R, of a BPF response, is defined as
|α max − α min|
R = _________
| fs − fc|

(4)

where αmax and αmin are the 40 dB and the 3 dB attenuation points, respectively,
while fs and fc are the 40 dB stopband and the 3 dB cutoff frequencies. It should

Figure 5.
The configurations of the simulated band-pass filters with: (a) zero, (b) first iteration, and (c) the second
iteration fractal-based defected ground structures [31].
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be noted that various values might be specified for αmax to find out the roll-off rate
[36]. However, in this work αmax has been chosen to be 40 dB. Many BPFs with the
defected ground structures, based on those shown in Figure 5, were modeled, and
their performance responses have been evaluated. Two BPFs were modeled, both
with the fractal-based resonators defected ground structures as those shown in
Figure 5(a) and (b).

5. A parametric study
Three band-pass filters with fractal-detected ground structures, shown in
Figure 5(a)–(c), were simulated, and their performance responses have been evaluated. The side length L of all the coupled DGS resonators of the modeled filters has
been kept unchanged at 12.50 mm and slot trace width, T of about 0.61 mm. At this
length, the zero iteration-detected ground structure BPF resonates at 2.50 GHz. For
the three modeled filters, a parametric study was achieved to explore the effects of
the different BPF elements, mainly D, X, and W, on its resonant behavior as will be
presented in the following subsections.
5.1 The first iteration fractal DGS BPF
The impact of making the gap width D varied, while maintaining the other filter
structure elements fixed, has been demonstrated in Figure 6. The increment of D
causes the response transmission zeros to move away from the center frequency
position, while approximately it does not affect the filter passband. Furthermore, as
D is increased further, the realized BPF bandwidth is extended at the expense of the
reduction of the filter selectivity. At a specific value of D, the upper transmission
zero will vanish.
On the other hand, when the spacing X is made variable, the resulting responses
are displayed in Figure 7. In contrast with the impact of changing D, the variation
of X will be insignificant on the overall filter response including both the passband
and the stopband.
The variation of the distance between the longitudinal filter center and the
transmission line lower edge, W, has a considerable impact on the resulting filter
responses as clearly demonstrated in Figure 8. In this case, both of the filter passband
and stopband are significantly worsened. As the feed line becomes near the edge of

Figure 6.
The simulated scattering coefficient S21 responses of the modeled DGS BPF depicted in Figure 5(a) with the gap
width, D, as a parameter.
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Figure 7.
The simulated scattering coefficient S21 responses of the modeled DGS BPF depicted in Figure 5(a) with the
inter-resonator spacing, X, as a parameter.

Figure 8.
The simulated scattering coefficient S21 responses of the modeled DGS BPF depicted in Figure 5(a) with the
distance between the longitudinal filter center and the transmission line lower edge, W, as a parameter.

the defected ground structure, an improvement of the resonant filter responses will
take place. Best performance has found at W = 1.5 mm, X = 2.5 mm, and D = 1.0 mm.
5.2 The first iteration fractal DGS BPF
An analogous investigation is performed to explore the effects of the parameters
D, X, and W of this filter on its performance.
In this study, the side length of the fractal-based defected ground structure
of this filter is kept the same as in Section 5.1. The additional length, that is made
available by the application of the first iteration fractal resonator, causes the resulting BPF to resonate at a lower frequency. The S21 responses imply that this BPF
resonates at 1.61 GHz. A comparison of the DGS BPF responses, those of this filter,
reveals that this filter offers a size reduction of about 65%.
In addition to the size miniaturization offered by this filter, the resonant
responses show that it overperforms that with the conventional DGS. This filter
8
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provides an improved selectivity. The impacts of the modification of the parameters D, X, and W on the filter S21 responses are correspondingly demonstrated in
Figures 9–11.
In summary, the resonant responses shown in Figures 9–11 imply that this filter
offers a most favorable resonant performance when the parameters W = 2.25 mm,
X = 2.0 mm, and D = 0.25 mm. This filter provides a resonant response with a
center frequency of 1.61 GHz. The resonant response is symmetrical about the
center frequency. The results also reveal that the filter resonant response shows two
transmission zeros located at 1.33 and 2.15 GHz. Furthermore, the resonant filter
behavior is characterized by a steeper response with higher roll-off rates of 132.74
and 94.81 dB/GHz, at the lower and the upper edges of the passband, respectively.
More interesting, this BPF provides an extra rejection level in the stopband when
compared with that offered by the filter depicted in Section 5.1.
5.3 The second iteration fractal DGS BPF
The resonant behavior of this filter has also been studied under the impacts of
varying the same parameters on its overall performance.
In this context, it has been that this filter possesses the optimal performance
among those examined in Sections 5.1 and 5.2. The filter scattering coefficient, S21,
responses under the influence of the variation of the parameters D, X, and W are
demonstrated in Figures 12–14, respectively. It is apparent from these responses
that this band-pass filter overperforms the other two BPFs in several aspects that this
filter presents the maximum selectivity and the top rejection level in the stopband.
Examining the resonant characteristics of this filter, it has an exciting performance with a steep roll-off in its in-band response. The –40 dB lower edge roll-off
rate of the passband is of 197.70 dB/GHz and that of the upper edge is of 180.04
dB/GHz. Also, the resonant response shows that it has two transmission zeros
almost symmetrically positioned about the center frequency. These transmission
zeros are placed at 1.32 and 1.87 GHz. More interestingly, the filter performance
responses reveal that it does not support the higher harmonics. Besides, according to [27, 28], the locations of the transmission zeros, in the filter response, are
immensely influenced by the equivalent capacitance of the defected ground structures. Consequently, the improvement of the selectivity of this filter can be clarified
as follows. When applying iteration levels, the incorporated length will become

Figure 9.
The simulated scattering coefficient S21 responses of the modeled DGS BPF depicted in Figure 5(b) with the gap
width, D, as a parameter.
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Figure 10.
The simulated scattering coefficient S21 responses of the modeled DGS BPF depicted in Figure 5(b) with the
inter-resonator spacing, X, as a parameter.

Figure 11.
The simulated scattering coefficient S21 responses of the modeled DGS BPF depicted in Figure 5(b) with the
distance between the longitudinal filter center and the transmission line lower edge, W, as a parameter.

Figure 12.
The simulated scattering coefficient S21 responses of the modeled DGS BPF depicted in Figure 5(c) with the gap
width, D, as a parameter.
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Figure 13.
The simulated scattering coefficient S21 responses of the modeled DGS BPF depicted in Figure 5(c) with the
inter-resonator spacing, X, as a parameter.

Figure 14.
The simulated scattering coefficient S21 responses of the modeled DGS BPF depicted in Figure 5(c) with the
distance between the longitudinal filter center and the transmission line lower edge, W, as a parameter.

Figure 15.
The current distributions on the surface of the ground plane of the filter at different frequencies in the resonant
band and outside it.

larger. The resulting substructures of the fractal-based resonators approach each
other, leading to the existence of a capacitive coupling which, in turns, enhances the
final filter skirt characteristics at both sides.
11
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What is more, to offering an additional physical clarification about the electromagnetic aspects of the modeled band-pass filter, the current distributions on its
surface have been simulated at different frequencies in the resonant band and outside
it. Figure 15(a)–(c) illustrate the surface current distributions at 1.30, 1.55, and
1.70 GHz which represent the frequencies in the lower stopband, in the passband, and
in the upper stopband, respectively. Figure 15 exhibits the current distributions on
the surfaces of the ground plane of the modeled BPF structure. Figure 15(a) and (c)
indicates that there is no coupling taking place between the resonators in the lower
stopband and the upper stopband. On the other hand, the large current densities,
exposed in Figure 15(b), represent an indication of the strong coupling which results
in the conclusive resonance. It is apparent that the majority of the resonator length
plays a role in causing the resonance.

6. Comparison with other fractal-based filter models
In this chapter, the modified Minkowski fractal geometry has been adopted to
design the proposed BPF filter. The modified Minkowski fractal geometry is with
better space-filling property to achieve more miniaturization as compared with the
conventional Minkowski fractal geometry. However, an attempt has been carried
out to compare the performance of the proposed filter with those modeled using
other fractal geometries with high space-filling properties.
For this purpose, Peano and Moore fractal geometries have been adopted to
design two BPFs based on the presented design idea. In the modeling of the proposed BPF filters, the same substrate and the same resonator dimensions are used.
Figures 16 and 17 illustrate the filter structures together with their performance

Figure 16.
Moore fractal-based DGS BPFs together with performance responses.

Figure 17.
Peano fractal-based DGS BPFs together with performance responses.
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responses. It is clear that both filters offer resonant responses at a higher frequency
than that provided by the Minkowski fractal-based BPF. This means that the
Minkowski fractal-based BPF possesses a higher size reduction. It is worth to note
that the BPF based on Peano fractal geometry offers dual-band resonant response
which can be tuned to a certain extent by the filter elements. However, further
investigation of this filter has to be conducted later.

7. Fabricated model and the measured results
A prototype of the fractal-based defected ground structure band-pass filter has
been manufactured. The fabricated prototype uses an identical substrate with a
relative permittivity of 2.65 and thickness of 1.0 mm. Figure 18 shows photos of the
manufactured filter. The measured and simulated scattering coefficient responses,
S11 and S21, are depicted in Figures 19 and 20, respectively.
The simulated and measured results of the modeled and the fabricated bandpass filters well agree with each other. Some deviation, between the measured
and the simulated results, is noticed. The shift of the lower edge of the passband
response of the S21 responses is slight, while that of the upper edge is hardly
visible. Furthermore, the measured results reveal attenuation in the passband
region.
The production technique might cause dimensional tolerance which, in turns,
leads to the differences observed between the measured and the simulated results.
Employing more advanced manufacturing methods, besides the selection of a
substrate having a more stable parameter, will result in a closer agreement.

Figure 18.
Photos of the fabricated prototype (a) the top and (b) the bottom views.
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Figure 19.
The simulated and measured S11 responses of the fabricated filter prototype.

Figure 20.
The simulated and measured S21 responses of the fabricated filter prototype.

The resonant behaviors of the modeled band-pass filters suggested in this work
have to be compared with those recently reported in the literature. Table 2 summarizes a comparison of the performances of the presented filters which are based
on the zero, first, and second iteration DGS band-pass filters with those recently
reported in the literature [27, 28]. As the table implies, the comparison is carried out

Filter type

Filter size
[λg]2

Roll-off rate (lower edge)
(dB/GHz)

Roll-off rate (upper edge)
(dB/GHz)

Zero iteration DGS

0.45 × 0.23

78.51

47.10

First iteration DGS

0.30 × 0.15

132.74

94.81

Second iteration
DGS

0.29 × 0.14

197.70

180.04

DGS BPF [27]

0.50 × 0.25

72.54

52.86

DGS BPF [28]

0.22 × 0.17

41.11

12.75

Table 2.
Comparison of the presented band-pass filters with those published in the literature.
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concerning the occupied areas and the filter selectivity which in turns is expressed
by the roll-off rates at the lower and the upper edges. In spite of the extra miniaturization of the second iteration, fractal-based DGS band-pass filter is minor, but this
BPF possesses the most excellent selectivity, among the others, regarding the lower
and the upper edges roll-off rates. However, the realized size by each BPF has been
calculated in terms of the guided wavelength, λg, computed at the lower resonant
frequency. Even though the DGS band-pass filter reported in [28] is approximately
equivalent in the occupied area with that suggested in this work, it suffers from
poor selectivity. It has poor upper edge roll-off rate and low selectivity in the lower
edge roll-off rate.

8. Conclusions
The defected ground structure resonator based on the Minkowski fractal
variant reported in this chapter has confirmed its capability to produce reduced
size microstrip band-pass filters. Besides the acceptable resonant responses of the
suggested BPFs, the adoption of the Minkowski fractal geometry to the defected
ground structure resonator bring about BPF designs with considerable miniaturization with reference to those recently published in the literature. As expected,
the results showed that more filter size miniaturization could be obtained when
employing higher fractal orders. In the real practice, this might not be the situation; several restrictions are coming across the practical implementation of a filter
prototype, especially for the higher iteration levels. Also, the results revealed that
the proposed BPF performances are characterized by a low loss in the passband and
high rejection in the stopband with considerable reduction of higher harmonics.
A significant finding is that the final BPF performance possesses a high selectivity
with steep roll-off rates at both the lower and the upper edges of the passband. A
comparison of the performance of the DGS BPF based on the modified Minkowski
fractal geometry with other filters based on Peano and Hilbert fractal geometries
revealed that the proposed BPF has acceptable resonant responses with a significant lessening of higher harmonics. Measured results of a fabricated prototype
well agree with those evaluated by the EM simulator. The presented BPF resonant
characteristics, besides the considerable size miniaturization, will make it an
appropriate candidate for the application in a broad diversity of the modern wireless communication services.
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