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Abstract
The author presents some results on nonlinear dynamics in optoelectronics nanostructures as lasers with quantum wells and quantum well solar cells using mathematical
modeling and numerical simulations of the phenomena which take place in such kinds of
structures. The nonlinear dynamics takes the complexity of the phenomena into account,
which govern the field-substance interaction. Computational software was elaborated to
study the nonlinear phenomena in such quantum devices, which put into evidence their
complex nonlinear dynamics, characterized by bifurcation points and chaos, and the
critical values of the parameters being determined. The mathematical modeling and
numerical simulations for the quantum well solar cells for optimizing the values of their
optical parameters (refraction index, reflectance, and absorption) were also analyzed, so
that the conversion efficiency of the devices can be improved. Although in our study we
have considered only rectangular quantum wells, the hybrid model allows computing the
optimum values of the parameters whatsoever the form of the quantum wells. The developed numerical models and the obtained results are consistent with the existing data in
the literature for the optoelectronics of quantum well structures, having important implications in the applications.
Keywords: quantum well laser, quantum well solar cell, hybrid model, bifurcation
diagram, chaotic state, quantum engineering, chaos masking

1. Introduction
The nonlinear dynamics is treated taking into account the complexity of the phenomena which
govern the field-substance interaction including the dissipative phenomena [1–6]. Computational software was elaborated to study the nonlinear phenomena in such kinds of quantum
devices [7–9].
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A quantum well (QW) structure improves the functioning characteristics of laser diodes and of
the solar cells as the emitted wavelength depends on nanostructure dimension (quantum size
effect) [3, 10–13]. Such a structure is one in which the active region of the device is so narrow
that quantum confinement occurs, according to quantum mechanics. The wavelength of the
light emitted by a quantum well laser is determined by the width of the active region rather
than just the band gap of the material from which the device is realized. Consequently, much
shorter wavelengths can be obtained from quantum well lasers than from conventional laser
diodes using a particular semiconductor material. The realization of quantum well structures
represents cutting-edge technological advances in the field of semiconductor optoelectronics
structures. These devices, unlike the classic ones, have the active area in the form of a periodic
structure of semiconductor layers having different forbidden energy bands. These layers have
very small thicknesses (nanometer units), their deposition being possible using advanced
technologies and special deposition techniques.
In this chapter, first, we shall recall different forms of the rate equations used to take into
account the complexity of the phenomena which govern the field-substance interaction. Based
on computational software which was elaborated for the rate equation models presented, the
phenomena were numerically studied in such a kind of quantum devices, and the utility of
these models on some very simple examples and applications by different methods of simulations [14–21] was illustrated.
Second, we treat the complex nonlinear dynamics, characterized by bifurcation points and
chaos, the critical values of the parameters being determined. The work emphasizes the variety
of dynamical modes of operation of a semiconductor laser as a result of modulation of the
injection current [22–28].
The third part of the chapter is dedicated to the particularities of the quantum well solar cells.
The simulation results for the optical parameters (refraction index, reflectance, absorption
coefficient) are presented as well as those for the optimization of the quantum efficiency of
QW solar cells [21, 29–34].
Finally, as the application of the chaotic dynamics, an optical communications channel with
chaotic laser signals is presented to demonstrate the important implications of these kinds of
systems in quantum engineering and for transmission and processing of the optical information [35–40].

2. Modeling methods and techniques for quantum well lasers
2.1. Standard rate equations
Several levels of descriptions and modeling of field-substance interaction are known in the
theory of lasers, depending on the classical or quantum character of the evolution equations,
describing the two subsystems in interaction, the substance and the electromagnetic field, the
laser system being a dissipative structure which takes on self-organizing phenomena, far from
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equilibrium. Besides the phenomenological description of lasers owing to Einstein, who discovered the stimulated emission in 1016, which makes the amplification of coherent radiation
in lasers possible, the theories developed for laser phenomena description are the thermodynamic theory, based on the equations of the rates as equations of balance for the populations of
the laser levels and the density of the photons in the laser cavity, considering the dissipation;
the semi-classical theory (or semi-quantum) in which the population equations are quantum,
established as motion equations for the quantum operators corresponding to the populations
of the levels involved and the field equation which is the classical equation describing the
electromagnetic field in the laser medium, polarization of the medium being the source of the
field; and the quantum theory in which both the substance and the electromagnetic field are
described by quantum equations of evolution. The abovementioned theories are complementary to each other and are used according to the phenomena whose description is being
followed in the studied issue or application.
As a system, the laser is described by the equations of two nonlinear coupled oscillators, a
quantum oscillator represented by the polarization of the active medium and a classical
oscillator which is the electromagnetic field from the optical resonant cavity. By pumping, the
system receives external energy to realize the population inversion. Above the threshold, the
oscillation condition being accomplished, the energy accumulated in the active medium is
liberated through stimulated emission, under the form of the coherent light beam of laser.
The main quantum well laser model used in this chapter is based on the description of
semiconductor lasers using the thermodynamic theory of the rate equations [14].
While the first models were based on one pair of equations to describe the density of photons
and carriers in the active region, recent approaches include additional rate equations to take
into account, and carriers transport between the active region and the adjacent layers of the
structure as in Ref.s [15–18].
It can be observed that in most cases, the rate equations lead to multiple solutions, although
only one solution is correct. Javro and Kang [19] showed that incorrect solutions or without
physical sense can be eliminated or avoided through a change of variables in the rate equations. However, the transformations used are available under certain conditions, and for some
cases, they give unrealistic solutions. These shortcomings are caused mainly due to the linear
character of the gain-saturation coefficient. A more general expression of the gain-saturation
coefficient, proposed by Channin, can be used to obtain models for operation regimes having a
solution unique. Agrawal suggests another expression for this coefficient, which is also suitable. As is shown, any of these two forms of the gain-saturation coefficient can be used to
obtain models with a solution unique to the operation regime.
2.1.1. The model with linear gain saturation
One of the prevailing laser diode models is based on a set of rate equations. The rigorous
derivation of these equations originates from Maxwell equations with a quantum mechanical
approach for the induced polarization. However, the rate equations could also be derived by
considering physical phenomena described as in [3].
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The population equation is as follows:
dN
I
¼
dt
qV act

g0 ðN

N 0 Þð1

εSÞS

N Ne
þ
τp τn

(1)

Similarly, the photon density equation is written as.
ð2Þ

The photon density S reported the output power Pf as described by Eq. (3):
Γτp λ0
S
¼ϑ
¼
Pf V act ηhc

(3)

Eq. (1) relates the rate of change in carrier concentration N to the drive current I, the carrier
combination rate and the stimulated-emission rate S. Eq. (2) relates the rate of change in
photon density S to photon loss, the rate of coupled recombination into the lasing mode, and
the stimulated-emission rate. The photon density S to the output power Pf is described by
Eq. (3). The other parameters used have well-known significances as in Ref. [14]. This simple
model can be directly implemented with Matlab Simulink.
2.1.2. The model with nonlinear gain saturation
An alternate version of the standard rate equations ensures us that for a nonnegative injection
current, one nonnegative solution exists for density of both carriers and photons. The equations treated henceforth are the more generalized versions of Eqs. (1) and (2) with the linear
gain-saturation term replaced by the term proposed by either Channin or Agrawal. The new
equations are shown below as in Ref. [20]:
ηi I
dN
¼
dt
qN w V act
dS
¼
dt

R w ðN Þ

Γc νgr

α ðN Þ
S
ΦðSÞ

S
α ðN Þ
S
þ N w Rwβ ðNÞ þ Nw Γc νgr
τp
ΦðSÞ
λτp
S
¼ϑ
¼
Pf ηc V act hc

(4)

(5)

(6)

Eq. (4) relates the rate of change in carrier concentration N with the injection current, the carrier
recombination rate and the stimulated-emission rate. In order to account for different recombination mechanisms, it considers Rw ðN Þ ¼ AN þ BN2 þ CN 3 , where A, B, and C are the
unimolecular, radiative, and Auger recombination coefficient, respectively. Eq. (5) relates the
rate of change in photon density to photon loss, the rate of coupled recombination into the
lasing mode, and the stimulated-emission rate. In the above equations, the two gain-saturation
terms are
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R w ðN Þ
αðNÞ ¼ G0 ln
R w ðN 0 Þ


N
1
αðNÞ ¼ gl G0
N0

(7)
(8)

where G0 is the gain coefficient per quantum well, N0 is the optical transparency density, and gl
is a factor obtained when linearizing the logarithmic gain around N 0 . Specifically,
AN0 þ 2BN0 2 þ 3CN 0 3
gl ¼
AN0 þ BN0 2 þ CN 0 3

(9)

The gain-saturation function can take on one of the following two forms:
ϕ 1 ðSÞ ¼

1
1 þ εΓc S

1
ϕ 1 ðSÞ ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 þ εΓc S

(10)
(11)

Using the approach taken in [11, 18, 20], an equivalent circuit model based on the above equations
can be implemented in SPICE. Unlike models based on the rate equations that use a linear gainsaturation term, this circuit model is applicable for all nonnegative values of injection current.
2.2. Numerical experiments in MathCad
A comparative study of the models presented above for quantum well lasers is possible by
numerical integration in MathCad of the corresponding equations to find the response for
different types of pumping signals. The model with linear gain saturation, given by Eqs. (1)
and (2), was integrated for a constant injection current, the corresponding waveforms for the
optical output power being illustrated in [10]. The nonlinear gain-saturation model of Eqs. (4)
and (6) was integrated for an injection current rectangular (Figure 1), which for some periods
can be written under the form.
ð12Þ

In general, all models studied give satisfactory results for the study of the transient and
dynamic regime at low injection levels. At high injection rates, the numerical results obtained
show the specific limits of each model, being consistent with the theoretical analysis.
2.3. Methods of modeling solutions of the rate equations
In this section, the two methods of modeling the solutions of the rate equations analyzed in
[14] are presented. The first modeling technique is based on standard rate equations with a set
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Figure 1. The waveforms of optical output power for an injection current rectangular in the model with nonlinear gain
saturation.

of parameters given directly in Simulink. The second model is based on the standard rate
equations that use a gain-saturation term and can be implemented in SPICE.
2.3.1. The Simulink modeling technique
This simple model can be directly implemented with Simulink like in Figure 2.
The input parameter from a signal generator is I, while S, N and Pf are the output parameters.
All the parameters in the rate equations can be modified before the simulation starts as in all
specialized papers [14–16].
With the above model, different signals can be used as input current for the quantum well
laser. They show that the theoretical response of the equations is good when compared with
real results that are expected in applications. Signals like saw tooth and sine types are used as
input. The results are shown in Figure 3. They show very fast response at a low level of the
current. Low threshold current is the main feature of quantum well lasers, and it is directly
shown for the basic form of rate equation. The simulation is not perfect, and this is because of
negative solutions for N and S and high power solution of the equations.
2.3.2. The SPICE modeling technique
In an alternate version of the rate equations, the linear gain-saturation term is replaced by the
term proposed by either Channin or Agrawal [10, 15, 20]. Using the approach taken in [11, 14],
an equivalent circuit model based on the above equations can be implemented in SPICE.
Unlike models based on the rate equations that use a linear gain-saturation term, this circuit
model is applicable for all nonnegative values of injection current.
In Figure 4, the circuit implementation is shown. This equivalent circuit can be obtained
through suitable handling of the rate equations and by the transformations of variables.
Diodes D1 and D2 and current sources Ic1 and Ic2 are modeling the linear recombination and
charge storage in the device, while Br1 and Bs1 are modeling the effects of additional recombination mechanisms and stimulated emission, respectively, on the charges carrier density.
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Figure 2. The Simulink block scheme of the rate equations.

The components Rph and Cph of the circuit help to model the time variation of the photon
density under the effects of spontaneous and stimulated emission, which are accounted for by
Br2 and Bs2, respectively. Finally, the source Bpf produces the optical output power of the laser
in the form of a voltage. The circuit equations are given as follows:
I ¼ I T1 þ I D1 þ I C1 þ Br1 þ Bs1 where I T1 ¼ I D1 þ I C1
dm
þ m ¼ Br2 þ Bs2 and Bpf ¼ ðm þ δÞ2
dt




qN w V act Ne
qV
1
exp
I D1 ¼
nkT
2ηi τn




 
2qτp
qN w V act N e
qV
qV dV
exp
exp
¼
1þ
nkT
2ηi τn
nkT
nkT dt
2τp

I D2

I c1 ¼ I c2 ¼

qN w V act Ne
2ηi τn

(13)
(14)
(15)

(16)

(17)
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Figure 3. Output for saw tooth input signal of 10 mA amplitude and frequency of 5 MHz, and the output for the input
signal sinusoidally having the same values for the amplitude and frequency.

Figure 4. The electric circuit corresponding to the rate equation model.

qN w V act
Rω2 ðΘI T1 Þ
ηi

(18)

λτp N w Γc υgr
αðΘI T1 Þ

 ϑðm þ δÞ2
2
ηiηc hc ϕ ϑðm þ δÞ

(19)

Nw ηc V act hc
Rω2 ðΘI T1 Þ
λϑðm þ δÞ

(20)

Br1 ¼
Bs1 ¼

Br2 ¼

αðΘI T1 Þ
 ðm þ δÞ
Bs2 ¼ τp N w Γc υgr 
ϕ ϑðm þ δÞ2

δ

(21)
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Figure 5. Transient output power response between 0 and 5 ns.

We implemented the SPICE netlist in AIM-SPICE, but calculating the parameters in the netlist
is time-consuming. Figure 5 shows results from PSPICE simulation with simple DC sweep and
transient output power in response. (Obs: output power is given in Volt, because SPICE cannot
have output variables in Watt).
Modifying one parameter will result in new calculations and new SPICE netlist. Simulations
are not limited to SPICE, any all-purpose circuit simulators can be used to get similar results.
Future development software that integrates circuit simulation and other modeling methods
for quantum well lasers can be built to have a tool that models these devices from all points of
view.
As a future development, we mention the method of the MATH package Simulink to simulate
the behavior of the quantum well laser diodes with distributed feedback using the rate equations [16].
A more deeper additional can be the finite-difference time-domain (FDTD) method and then
all are bundled in one software package for more simulation options [34].

3. Nonlinear dynamics of the quantum well laser
3.1. Modulation of the quantum well laser
We study the amplitude modulation of the injection current [22, 23]:
I ¼ I b ½1 þ m sin ð2πftÞ
where I b is the polarization current and m modulation index:

(22)
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Im
Ib

m¼

(23)

where I m is the amplitude of the modulating signal ðim ¼ I m sinðωtÞÞ, f being the modulation
frequency.
3.2. The model of small signal and the frequency response
In this section, we analyze the low signal model and the frequency response of the laser for
different polarization currents. The small signal model can be obtained from the equations of
the rates, with two equations of populations [10], replacing I, N b , N w , and S with
N b0 þ ΔN b ej ω t , I b þ ΔIej ω t , Nw0 þ ΔN w ej ω t , respectively, S0 þ ΔSej ω t , where I b is the polarization current. The quantities N b0 , N w0 , S0 are the solution of the considered rate equations, when
the laser is pumped with the polarization current I b , ΔI is the amplitude of a small perturbation
overlaid on I b and ΔN b , ΔNw , ΔS are the amplitudes of population densities and photon density
corresponding to a small excitation. The frequency response of the laser is represented graphically in Figure 6 using system (24) where N w0 and S0 are calculated by means of the large
signal model, placing I ðtÞ ¼ I b for the large t. The simulation parameters can be found in [10]
0

1
iΔI
B qV C
B
wC
B
C¼
B0
C
@
A
0
0
i
i
B ω τcap τn
B
B
B i
B
¼ Bτ
B cap
B
B
@
0

i

0

τesc
ω
i Γ g0

1

i
τesc

i
τn

ig0

S0
1 þ ε S0

βsp
S0
þ iΓ
τn
1 þ ε S0

i

g0
ð1 þ ε S 0 Þ2

ω þ iΓ

ðN w0

g0
ð1 þ ε S0 Þ2

Figure 6. Frequency response of QW laser for I b ¼ 25; 30; 40; 55; 70 mA.

N0 Þ

ðN w0

N0 Þ

C 0
1
C
Nb
C
C B
C
C B
C  @ Nw C
A
C
C
S
C
i A
τp

(24)
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In the preceding paragraph, a small signal pattern was derived to analyze the frequency
response of a QW laser for different polarization currents I b . By increasing this current in a
certain range, the laser band, the maximum modulation frequency increases.
As shown in the subsequent text, the QW laser band can be further extended if the gain of the
active medium g0 (e.g., carrier temperature in the active region of the laser) is modulated
additionally to I. For this purpose, a new low signal model is derived. This time, we use the
equations of the large signal pattern with one population equation [10, 20]. Optical gain is no
longer a constant, having the form gðtÞ ¼ g0 ð1 þ ΔPsinωtÞ, where ΔP represents a small fraction of g0 . The system of linear equations of the small signal pattern written in a matrix form
easily implementable in MathCad has the form:
0
1
iΔI
B qV þ ið1 ε SÞSg0 ðN N0 ÞΔP C
@ act
A¼
ið1 ε SÞSg0 ΓðN N 0 ÞΔP
0
i
ið1 2ε SÞg0 ðN N 0 Þ
B ω ig0 Sð1 ε SÞ τn
B
¼B
@
1
ω þ ið1 2ε SÞg0 ΓðN N 0 Þ
iΓg0 Sð1 ε SÞ þ iΓβ
τn

1

C
C
C
i A
τp

(25)

N
S

!

:

The results obtained by simulations for the photon density correspond to the three modulation
cases and are given in [10]: (1) modulation of injection current and simultaneously of g; (2) the
simple modulation of I; and (3) simple modulation of g, being presented in Figure 7 (in all
cases, I b = 50 mA).
An increase in the bandwidth of the laser is observed when both I and g0 are simultaneously
modulated.
3.3. Routes to chaos and bifurcation diagrams
In Figure 8, the variation of the photon density S for different modulation indices as in [28] is
compared.

Figure 7. The photon density for three modulation cases: (1) modulation of injection current and simultaneously of g; (2)
the simple modulation of I; and (3) simple modulation of g.
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Figure 8. Time dependence of photon density for different modulation indices. The 1 T periodic signal in (a) becomes a
double period (2 T) in (b), with the 4 T period in (c) and chaotically in (d).

Such a route to chaos with the increase of m by doubling of the period can also be presented
qualitatively in the phase space as in [10, 28]. Knowing the hierarchy of instabilities of laser
devices is useful in designing and calculating stable operating regimes in applications. Next,
we analyze the bifurcation diagram of the peak photon density according to the modulation
index (Figure 9) in the direct sense (with the increase of m) and vice versa (with the decrease of m)
for a modulation cycle as an indicator of the evolution of the system.
In the chaotic region, there are periodic dynamic windows and a hysteresis dynamics (marked
with arrows in Figure 9). In Figure 10, another bifurcation diagram is presented for a modulation frequency f ¼ f 0 =2, the other parameters remaining unchanged.
This result shows the complexity of system dynamics, without this complexity to be fully
elucidated to date [12].
3.4. Rate equations with noise sources
The noise sources Fn and Fs are considered in the rate equations as in [27, 28]:
dN
I
¼
dt
qV act

g0 ðN

N 0 ÞS

dS
¼ g0 ðN
dt

N 0 ÞS

S
N
þ γ þ Fs ðtÞ
τp
τn

N
þ F n ð tÞ
τn

(26)

(27)
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Figure 9. Bifurcation diagram of photon density depending on the modulation index.

Figure 10. Bifurcation diagram for f = f0/2.

In the Markoff approximation, noise sources are Gaussian variables of zero average,
δ correlated, as
hFn ðtÞi ¼ 0,

hFn ðtÞFn ðt0 Þi ¼ V 2n δðt

t0 Þ

(28)

hFs ðtÞi ¼ 0,

hFs ðtÞFs ðt0 Þi ¼ V 2s δðt

t0 Þ

(29)

hFn ðtÞFs ðt0 Þi ¼ rV n V s δðt

t0 Þ

(30)

In the above expressions, V 2n and V 2s , there are variances of the random variables Fn and Fs ,
respectively, and r a correlation coefficient. See reference [28] for details. In the numerical
modeling of Eqs. (26) and (27), it considers, for the intervals Δt, the autocorrelation function
(7.81) of the form:
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0

hFn ðtÞFn ðt Þi ¼

(

V 2n =Δt,

pentru

0,

pentru

jt
jt

t0 j < Δt

t0 j > Δt:

This condition leads to the representation of

pﬃﬃﬃﬃﬃ
Fn ¼ V n = Δt xn

(31)

(32)

where xn is a Gaussian random variable of zero average and unit variance.
By using Gaussian random numbers supplied by MATLAB functions, integration is achieved
in much smaller steps Δt relative to the modulation period. Numerical calculations show that
no matter how small the noise is, it disturbs the attractors and can even produce transitions
between coexisting attractors.
For a modulation index m ¼ 0, 265, two stable attractors coexist (Figure 11a and b), but the
presence of noise induces transitions from one attractor to another as is shown in Figure 11c.
See references [27, 28].
The complexity of phenomena taking place in a laser diode in the presence of modulation is
correlated with the nonlinearity of the stimulated-emission rate g0 ðN N0 ÞS, which will be
analyzed extensively in the following paragraph.
3.5. Nonlinear dynamics of the MQW: A case study
This section presents a case study in which the nonlinear dynamics of the quantum hole laser is
systematically analyzed on the basis of two population equations proposed by Nagarajan et al.
[26]. In this model, a quantum well structure is modeled as a single quantum well structure,
“concentrating” both the quantum wells and the barriers together.
Rate equations were solved numerically. The simulations were performed in the Matlab programming language using a fourth-order Runge–Kutta scheme [10].

Figure 11. Influence of Gaussian noise on the evolution of the system in phases.
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Detailed numerical investigations have shown that for lower frequencies with respect to the
relaxation frequency, system dynamics is periodic with the radiofrequency modulator signal
period.


RF
For a small enough modulation index m ¼ IIDC
<< 1 , the periodic sinusoidal mode is obtained.
The output power of the laser is sinusoidal, with the injection current (Figure 12a).
In the case of increasing of the modulation index and by approximating the frequency modulation with the frequency of the relaxation oscillations, a pulse operation mode (Figure 12b) is
obtained, with a duration of the picoseconds (ultrashort pulses), the laser being used as a pulse
source for optical communications.
For higher frequencies in relation to the resonance frequency of the system and modulation
indices over a critical value, the phenomenon of doubling the frequency occurs.
The corresponding bifurcation diagrams are shown in [12]. At a value of parameter m for
which the dynamics is 2 T (nT), the representation consists of two points (n points). Higher
modulation frequencies cause multiple bifurcation points, including chaotic dynamics for
certain parameter values (f = 8 GHz, in Figure 13).
Also in Figure 13, the dependence of the critical modulation index (frequency bifurcation) is
observed (for f = 12 GHz, mcritic is higher than for f = 7 GHz). Figure 14 shows the laser
nonlinear dynamics 4 T (Figure 14a) and the corresponding two-dimensional representation
in the phase space (Figure 14b), for IDC = 20 mA, f = 8 GHz, and m = 3.5. For an increased
modulation index, m = 5.5, the dynamics becomes chaotic (Figure 14c and d).
The behavior is similar for other over-threshold injection current values, but there is an
increasing dependence of the modulation index on doubling the period with the polarization
current.

Figure 12. (a) Output power of the laser, sinusoidal for low signal modulation (m = 0,1); (b) the same pulse dependence,
for m = 2 (I = 20 mA, f = 4.5 GHz).
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Figure 13. Bifurcation diagrams of the laser for different modulation frequencies.

Figure 14. Nonlinear dynamics, temporal and in the phase space: (a, b) 4 T for m = 3.5 and (c, d) chaotic for m = 5.5.

4. Particularities of modeling and simulation of quantum well solar cells
This part of the chapter is dedicated to research results concerning the simulation of optical
parameters (refraction index, reflectance, and the absorption coefficient) of the quantum well
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(QW) photovoltaic cells, which represents the third generation of solar cells, proposed in 1990
by Keith Barnham [29, 30], aiming to extend the spectral response and to increase the photocurrent of this kind of optoelectronics devices.
The quantum well solar cell is a p-i-n structure having quantum wells built in the intrinsic
region. The doped parts on each side will produce an electric field perpendicular to the layers
of quantum wells as is shown in [31]. The multiple quantum well solar cells (MQW) modeling
is conducted at two levels dimensionally: a quantum level in which one computes the energy
spectrum of the electron and the absorption coefficient of the MQW; a macroscopic level in
which one studies the transport of charge carriers in a similar manner to the conventional
p-i-n diode as in [30]. The reflection of light is brought, considering MQW cell a pseudohomogeneous medium. This combination of quantum and classical elements used in the
modeling of MQW solar cell justifies the name of hybrid given to the model of MQW solar cell.
An example of the application of the hybrid model (HM) is given in [31]. It is the case of solar
cell based on a ternary alloy semiconductor AxB1 XC (AlxGa1 xAs/GaAs) which has the lowest
BC band gap = 0 and achieves the greatest value (x = 1) for the AC semiconductor band gap.
The hybrid model (HM) allows determining the configuration that leads to maximum conversion efficiency. This configuration can be designed, by using the transfer matrix method and
the properties of the real materials. In other words, starting from a hypothetic system structure,
the HM model allows optimization of the solar cell configuration in order to obtain maximum
output electrical power, for a certain state of illumination as in [32].

4.1. Modeling and simulation of the cell reflectance
An important problem is to evaluate the effect of the quantum well number on the index of
refraction and on the reflection losses, so the optimal number of the quantum well for the
structure can be calculated [9].
In Figure 15, the results of the optical simulation of reflectance R dependence on the radiation
wavelength for different thicknesses d of the anti-reflecting coating (ARC) are presented, in the
case of anti-reflecting coating of SiO (n1 = 1.4). Results obtained based on presented model are
consistent with experimental data.
The simulation of refraction index and reflectance of the solar cells with quantum wells have
been made with the Octave software, version 3.02. The cell reflectance can be calculated using
the refraction indices of GaAs semiconductor and of the Al0.3Ga0.7As alloy as in [30]:

nGaAs

8
4:8304085 2:82482 0:769037 0:08198
>
>
þ
3:24123
þ
>
>
λ
λ2
λ3
λ4 if 0:325 < λ ≤ 4
>
>
>
>
1:5308 0:9123972 0:2508648 0:026769
>
>
þ
þ
< 1
2
3
λ
λ
λ
λ4
¼
1:8916996 0:4189801 0:0308637
>
>
>
þ
2:8434068
>
>
λ
>
λ2
λ3
>
if 0:2 ≤ λ ≤ 0:325
>
>
0:682372 0:154593 0:01159
>
:
1
þ
λ
λ2
λ3

(33)
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Figure 15. Simulation of the reflectance dependence of λ, for a solar cell QW structure with an SiO anti-reflecting coating.

In Eq. (33), λ is expressed in μm. The refraction index of ternary alloy AlxGa1-xAs is calculated
as.
nAlx Ga1

x As

ðλÞ ¼ 1:05

0:53x þ 0:09x2 nGaAs ðλx Þ

(34)

with λ in μm
To minimize the reflection losses, the solar cells are frequently designed with anti-reflecting
coating (ARC).
The MQW layer was considered to consist of 30 quantum wells of GaAs of 20-nm width
separated by barriers Al0.3Ga0.7As with a width of 10 nm.
4.2. Modeling and simulation of absorption coefficient
In applications related to calculating the conversion efficiency of solar cells, but also in other
situations, the coefficient of absorption (the absorbance) is practically described by continuous
functions. For GaAs, according to the experimental data shown in [30], the following function
that approximates the acceptable rate of absorption was determined:
8 F1 ðλÞ
e
, 0:7 < λ ≤ 0:88
>
>
>
< eF2 ðλÞ , 0:24 < λ ≤ 0:7
αGaAs ðλÞ ¼
(35)
F2 ð0:24Þ
>
,
0
<
λ
≤
0:24
e
>
>
:
0, otherwise



λ 0:84291
(36)
F1 ðλÞ ¼ 0:7863 þ 5:3115 1 þ erf
0:038
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F2 ðλÞ ¼ 447:432 þ 4201:2λ2 þ 6835:128λ2 lnλ  3781:193λ3 þ

3:9049
λ2

(37)

In Ref. [30], the absorption coefficient for GaAs calculated with this model is represented.
4.3. Simulation of the quantum efficiency of QW solar cells
The analyzed model uses the transport equation of AlxGa1-xAs quantum well solar cells, where
x represents the aluminum concentration. The expression of the quantum efficiency (QE) is
given by
QE ﬃ

2

k 

α2

αkðα  SÞ
αS
ﬃ 2
ðSsinhðkzÞ  kcoshðkzÞÞ α ðS  1Þ

(38)

where α is the spectral absorption, εf is the effective electric field due to the minoritary carriers,
and S a parameter.
From the analysis of the data obtained, it results that quantum efficiency increases with any
increase in λ, reaching significant values of a maximum of 90%, in the case of large diffusion
wavelength; quantum efficiency increases with any increase of z and εf, respectively.
In [30] for the cell parameters Nw = 30, lw = 20 nm and lb = 10 nm, the calculation results of the
conversion efficiency are summarized.
In Figure 16, it is observed that the conversion efficiency is strongly correlated with the
number of quantum well up to Nw = 30; above this value, the efficiency is saturated at larger

Figure 16. The dependence of the efficiency of MQW solar cell by the number of quantum wells.
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values of Nw. The saturation is installed when the road length traveled by light is comparable
with the absorption length. This result is a positive one by using the HM model. The calculation can be repeated varying different geometrical and material parameters in order to determine the optimal configuration, that is, one that maximizes efficiency.
Recently, good experimental results were reported in MQW solar cells. The fabricated solar
cells based on In0.3Ga0.7N/GaN MQWs exhibit an open circuit voltage of about 2 V, a fill factor
of about 60%, and an external efficiency of 40% at 420 nm and 10% at 50 nm. New solar devices
could be conceived based on optical properties of nanostructured materials [29, 30].

5. Optical transmission system with laser chaotic carrier
5.1. The Pecora-Carroll synchronization method
The method presented in this chapter focuses on the transmission of information by masking it
in a chaotic signal, the amplitude of the message being added to that of the carrier. Two chaotic
systems can be synchronized if they have similar parameters as is shown in Ref.s [35, 36]. This
phenomenon has a very good potential application in coding the transmission of information.
The transmission is made by using an emergent wave from a laser as a chaotic transmitter. The
signal is attached to a carrier wave which is of a chaotic nature and has much higher amplitude. This ensures a higher degree of difficulty in intercepting and decoding. For attaching the
signal to the carrier chaotic masking, modulation can be used. The properties of transmission
and reception of the data as well as the synchronization of the lasers can be studied by using
a pair of master–slave lasers. Modeling of the lasers is made by the use of the rate equations as
in [35].
A communication scheme compatible with the Pecora-Carroll synchronization method given
in [36, 40] is presented in Figure 17. The link between the master system and the slave subsystems in the transmission area is unidirectional. The encryption is done by using the chaotic
signal of the slave system at the transmitter as carrier for the message. At the receiver, the slave
system synchronizes with its replica at the transmitter through the one linking drive signal.
This allows the extraction of the information from the total transmitted signal.

Figure 17. Block scheme of a communication system based on the synchronization of two chaotic subsystems.
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5.2. Optical communications channel with chaotic laser carrier
It was shown that an amplitude modulator-demodulator with chaotic carrier can be implemented using a pair of self-pulsating laser diode (SPLDs), with closely matched parameters. If a
sinusoidal injection current is superimposed over a polarization current for which selfpulsations occur, then the pulses become chaotic both in amplitude and in repetition interval.
When the sinusoidal current is modulated with an information signal having amplitude and
frequency much smaller than the disorder maker current, then the transmitted signal spectrum
does not present a clear component having the frequency of the message, and the filtering
operation is of no use in recovering the transmitted information. If a small part of the transmitted chaotic signal (SPLD-T) is coupled into the received signal (SPLD-R), the information can be
recovered based on the property that the receiver output field synchronizes only with the
chaotic carrier and not with the whole transmitted optical field. An SPLD is an active optical
device able to produce a continuous train of pulses with repetition rate dependent on the
injection current (Figure 18).
The self-pulsating laser diode (SPLD) is driven by an injection current IT,R(t):
,T
R, T
I R, T ¼ I Rbias
þ IA
sinð2πftÞ

(39)

where I bias is the continuous component of the injection current, while I A and f are the
amplitude and frequency of a sinusoidal current superimposed over the continuous injection
bias component, respectively. The laser parameters for numerical simulations can be found in
[10]. It is noted that δ is the coupling factor of the transmitted field into the receiver SPLD.
If a sinusoidal current is superimposed over I bias, then the self-pulsations became chaotic either
in repetition interval or in amplitude (Figure 19). The two identical SPLD-R and SPLD-T have
similar outputs but uncorrelated [35].
When a small part of the transmitted chaotic carrier is coupled into the receiver device,
synchronization between the two lasers becomes possible (Figures 20 and 21), independently
of the initial conditions of the two systems.
To investigate the possibility of transmission information, we introduce the information as an
amplitude modulation of the sinusoidal injection current into the transmitter laser. For simplicity,

Figure 18. Temporal dynamics of SPLD for the injection current I bias = 34 mA.
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Figure 19. The output SR ðtÞ of SPLD-R versus ST ðtÞ SPLD-T. The two photon densities are not synchronized.

Figure 20. The graphical representation of the photon densities SR ðtÞ and ST ðtÞ, synchronized, for δ ¼ 0:04.

Figure 21. The output SR ðtÞ of SPLD-R versus ST ðtÞ SPLD-T. The two photon densities are closely synchronized.

we consider a sinusoidal message signal I m ðtÞ ¼ I m, A sin 2πf m t , where I m, A << I bias and
f m << f for secrecy and small modulation distortion reasons. Numerical simulations show that
the receiver output synchronizes with the carrier field, rather than to the transmitted signal; the
decoded signal is obtained as Sd ðtÞ ¼ ST ðtÞ SR ðtÞ In Figure 22, a typical method of recovering
information in such a kind of transmission is presented.
The useful message can be recovered by low filtering of the quantity ½ST ðtÞ SR ðtÞ=SR ðtÞ. As
SPLDs are widely available, cheap, and compact, their use in private communication systems,
but not only, for transmissions with information encrypted is recommended.
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Figure 22. The decoded signal versus time. Sd ðtÞ ¼ ST ðStÞR ðStÞR ðtÞ for I m ðtÞ ¼ ð7=50Þsin½2πðf =50Þt mA.

6. Conclusions
The mathematical models presented in this chapter highlight the possibility of unitary, describing the nonlinear dynamics in the optoelectronics structures with quantum well fact which is
essential for their design and applications.
The obtained results by numerical simulations show how the dynamics is characterized by
bifurcation points and chaos, being close to those obtained experimentally and reported in the
literature.
The results based on the hybrid model of the MQW solar cells show that the number of
quantum well of the structure can be determined by numerical simulations for improving the
conversion efficiency, based on optical properties of nanostructured materials used in research
and fabrication.
The broadband modulation and the low injection current at the oscillation threshold of the
quantum well lasers compared to bulk laser ones recommends these optoelectronics structures
for high-speed optical communications, providing unwanted nonlinear effects as the points of
bifurcation and chaos are avoided, for the stable operation and the control of their dynamics.
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