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1. Introduction

Neural networks have been widely applied in image processing, pattern recognition,
optimization solvers, fixed-point computation and other engineering areas. It has been
known that these applications heavily depend on the dynamic behaviors of neural
networks. The stability of neural networks has been extensively studied over the past years
because it is one of the most important behaviors of neural networks. On the other hand,
time delays are frequently encountered in neur al networks due to the finite switching speed
of amplifiers and the inherent communication ti me of neurons. Since the existence of time
delay is often a source of instability for neural networks, the stability study for delayed
neural networks is of both theoretical and practical importance.

Hopfield [9, 10] has proposed Hopfield neural networks (HNNs) which have found
applications in a broad range of disciplines where the targeted problems can reduce to
optimization problems. In recent years, HNNs and their various generalizations have
attracted the great attention of many scientists including mathematicians, physicists,
computer scientists due to their potential for the tasks of classification, associative memory,
parallel computation and their ability to solve difficult optimization problems, see for
example [4, 10, 13]. HNNs characterized by first-order interactions, [1, 14] presented their
intrinsic limitations. Recently, the study of hi gh-order neural networks has received much
attention due to that they have stronger approximation property, faster convergence rate,
greater storage capacity and higher fault tolerance than lower-order neural networks [17]. In
[3, 5, 6, 8, 11, 12, 15, 16, 18, 19, 22], the authors have been studied the stability analysis of
high-order neural networks with constant time delays or time varying delays. In this paper,
we are concerned with the global stability for a class of uncertain stochastic high-order
neural networks with time varying delays. The structure of the stochastic neural networks
under consideration is more general than some previous ones existed in the literature. Based
on the Lyapunov stability theory, new global asymptotic stability criteria are presented in

1 The work of the authors was supported by UGC, New Delhi under SAP(DRS) sanctioned
No. F510/6/DRS/2004 (SAP-1).

Source: Recurrent Neural Networks, Book edited by: Xiaolin Hu and P. Balasubramaniam, ISBN 978-953-7619-08-4, pp. 400, September
2008, I-Tech, Vienna, Austria
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324 Recurrent Neural Networks

terms of LMIs . Finally, we also provid e a numerical example to demonstrate the
effectiveness of the proposed stability results.

2. Problem description and preliminaries

Throughout this chapter we will use the notation A > 0 (or A < 0) to denote that the matrix A
is a symmetric and positive definite (or negative definite) matrix. The notation AT and Al
mean the transpose of A and theinverse of a square matrix. If A,B are symmetric matrices A
> B (A <B) means thatA 1 Bis positive definite (positive semi-definite).

Consider the following high-order Hopfield neural networks with time varying delays
described by

dax;(t = -
dp = —cixi(t) + Y aiifi(zi(t) + Y bij fi(a;(t — 75(8)))
- Jj=1 Jj=l
o (1)
3N Taifie - OD A - 1) + Ty i= 1,2,
j=1 I=1
wherei & {1, 2,, ..., 1}, t «to, x(t) is the neuron state; ¢ is positive constant, it denotes the

rate with which the cell resets its potential to the resting state; a;, b are the first-order
synaptic weights of the neural networks; T is the second-order synaptic weights of the
neural networks; @) ( = 1, 2, ..., n) is the transmission delay of the jth neuron such that

0< (@) " @and K1) " E<1, where , Eare constants; the activation function f; is

continuous on [to 1 08+ ¢ ); Jiis the external input.

Assume that
(H1) In the neuron activation function f(y) = (fi(y1), f2(y2),..., f(yn))T , each function f; is

continuously differentiable with fi(0) = 0 and there exists a positive scalarsLi and 0; such

thatforany O, A&

fila) < xi 0 < [file) = Fi(B))(i — Bi) < Lias — Bi)*.
Due to the boundedness of the activation function fi, by employing the well known
Brouwer " s fixed point theorem, we can easily obtain that there exists an equilibrium point
of the system (1). The unigueness of theequilibrium point can be deduced from the
asymptotic stability which will be proved subsequently.
Let x* be an equilibrium point of (1) and y(t) = x(t) T x*. Setg(y;(t)) = fi(x;(t)) T fi(x* ),
gyt T ¢Bt))) =fi(x(t T ¢Bt))) 1 fi(x*). Apparently, for each i =1, 2, ..., n we have

lgi(2)| < Lj|2|, VzeR
Consider the following high-order HNNs with time varying delay is given by

Wwit) — _Cy(t) + Ag(y(t)) + (B + TTTy)g(y(t — 7(t))) 2)
where
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C = diag(cy,co,y...iCp),
A = (ar’j}nxm B:(bi‘j)nxna
T; = (Ti)nxn
Ty = (M+TH To+T), ... T, +TH7T,
T
y(t—7(t)) = (yl(t—ﬂ(i)),yz(t—'rz(t))ﬁ----.y-u.(i—’Tn(t})) )
-
g(y(t)) = (.f;f] (y1(2)); 92(y2(2)), s gn(yn () )) :
9wt —70) = (9100t = 71(0)). 92t ~ 72(£), s gt — 7))
C = (Clsgg!"'!@n}ra

I = dmf}'(caﬁ:‘:)

In this paper the following high-order HNN with parameter uncertainties and stochastic
perturbations is considered

dy(t) = | =(C+ACH)D) + (A+AAW)g(y(t) + (B + AB®) + T Ti)gly(t — 7(1)))|
+o(t,y(t), y(t — 7(t)))dw(t), 3)
where w(t) = (wa(t), wa(t), ..., Wn(t))T is an m-dimensional Browni an motion defined on a

n n

complete probability space (°©, , P) with a natural filtration { 0. Let @, x, y) : +x "x

nxm

a
uncertainties | C(t), |A(t), | B(t) are defined by

is locally Lipschitz continuous and sati sfies the linear growth condition. The

AC(t) = MF(t)Ne, AA(t) = MF(t)Na, AB(t) = MF(t)Np,

where |C(t) is a diagonal matrix and M, N¢c, Na and Ng are known real constant matrices
with appropriate dimensions, wh ich characterize how the deterministic uncertain parameter
in F(t) enters the nominal matrices C, A and B. The matrix F(t), which is time varying
unknown and satisfies

Ft)TF(t) < 1.
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Let x(t; 1) denote the state trajectory of the naural network (3) from the initial data x(E= (&
on i& " E"0in L’ ([1&0], "). It can be easily seen that the system (3) admits a trivial
solution x(t; 0) KO corresponding to the initial data 1= 0, see [2, 7].

3. Main results

Let Coa( "x +: ) denote the family of all non-negative functions V (y, t) on "x
which are continuously twice differentiable in x and once differentiable in t. For each

V e Cou[1H '] x ", .), define an operator LV (y(t), t) associated with stochastic high
order neural networks (3) from .xC([i1&0]; "to by

LV(y(t).t) = Vily.t) + V};{y:f)[ —(C+AC(t))y(t) + (A+ AA())g(y(t)) + ((B + AB(1))

+1"'f"f‘”)g(y(t . T(f}})] - é}‘.rﬂ,r:ﬁ [r:r"r-'/}m(?,r._f)n]

where

OV (4,1 V(1) OV(yt) V(1)
AC = — > 7 VI — s

and

I°V(y.t) )
()u,f)?;J RS

Viy(y,t) = (

where i, j =1, 2, ..., n In order to prove our results, we need to state the following definitions
and Lemma.
Lemma 3.1. Given any real matrice$;, "2, "3 of appropriate dimensions and a scakar 0 such

that0 < "3= | 5 - Then, the following inequality holds:

SIS+ X058 < eX] T8 + e 123 851 %,.
We also recall some basic facts about norms of vectors and matrices. Ley = (y1, Y2, ..., W)T &

". Three commonly used vector norms are given as HyHl yi‘,HyH2 1( i”lyiz)l’zand

||y||f maxl,dndlyi|. It is also known that ||y||f d||y||1. The vector |y| will denote | y| =
(1 yal .1 y2l s ...s] Yal) T. For any matrix V = (Vij)nxn, Im(V ) and Iu(V ) will denote respectively

n
il

the minimum and maximum eigenvalues of V . For the matrix V , ||V||z = iM(V TV).

Now we will prove the following theorem on glob al asymptotic stability in the mean square
for equation (3).

Theorem 3.2. Assume that there exist matrices B,®q « 0 and D, ¢ 0 such that

trace [v:r"' (f- y(t), y(t — T(ﬂ])f’a(t y(t), y(t — T(t)))] <y (t)Doy(t) +y" (t — 7(£)) Dyy(t — 7(1)).

System (3) is globally asymptotically stable tiie mean square, if there exist positive definite
matrices”;, “2and the scalarex> 0 (k= 1, 2) such that
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[ v PM PA PM PB PM etxNe eNIL LY;Np -
* —al 0 0 0 0 0 0 0
* * —éald 0 0 0 ] 0 0
* * % —e3d 0 0 0 0 0
= « =« N x =5 0 0 0 0 <0 (4
* * * * *  —(l=-m2 0 0 0
* * * * * * —eyd 0 0
* * * % * * * —eal 0
* * % * * * * * -3
where L = diag(L;),i = 1,2,...,n, ¥ = ():[?XQ,.,.,X”}T and vy, = —PC — CTP + exL? + D, +
LTuTHL + 1 |IxI* P

Proof: We use the following Lyapunov function al to derive the stability result

Vit = T OPK Y / g} (s)ds

i=1 j=1

By Ito * s formula, we can calculate £V;(y(t),t), LVa(y(t),t) along the trajectories of the
system (3), then we have

LVi(y(t),t) = 2y"(t)P[—(C + AC(1)y(t) + (A + AA(t)g(y(t)) + (B + AB())

T T )g(y(t — 7(1)))] + tracelo™” (¢, y(t), y(t — 7(1))) Po(t, y(t), y(t — 7(1)))]  ©)

LVa(y(t),t) = g" (y()Qg(y(t)) — (1 —n)g" (y(t — 7(£))Qg(y(t — 7(t))).  (6)
From (5)-(6), we get

LV (y(t),t) = LVi(y(t),t) + LVa(y(t),t)
< () P[—(C + AC(H)y(t) + (A + AA()g(y(t)) + (B + AB(t))

+TTT)g(y(t — 7(8)))] + trace[o™ (¢, y(t), y(t — 7(£))) Po(t, y(t), y(t — 7(t)))]

9" (y(t)Qg(y(t)) — (1 —n)g" (y(t — 7(1)))Qg(y(t — 7(1))). (7)

By Lemma 3.1 we get,
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~2y"(P(AC))y(t) < e 'y"(K)PMMTPy(t) + ery” () NeNey(t)  (8)
29" () PAg(y(t)) < €'y ()PAATPy(t) + exy” (t)L2y(t) 9)

2y" () P(AA)g(y(t) < ey @)PMM Py(t) + ey’ () LNyNaLy(t) (10)

2y" (t)PBg(y(t — 7(1))) < y' (t)PBET BT Py(t)

+(1 = ng" (Yt — () Sgly(t — (1) @Y
2" (OPABOWW(E— (1) < Ty (OPMS; M7 Py(t)
+(L=m)g" (y(t — 7(t))) NpE2Npg(y(t — (1)) (12)

29" () PT Trg(y(t — 7(t)) < y" (1) PTTT Py(t)

1—1n

+(1—n)g" (y(t — ()T Tug(y(t — (1)) (13)
SinceI''T" = ||¢||%T and ||| < ||x]|, itis clear that

yT (t)PTTT Py(t) < ||x|*y" (t) P?y(t).

Since@Q = L™ 'D, L~ + N Yo Np + T} Ty, and from (7)-(13), it follows that

LV(y(t).t) < o7 (t)(=PC —CTP)y(t) + ¢ (t)(; ' PMMTP + e NENC)y(t)

+y" (t)(e; "PAAT P + o L?)y(t) + y” () (e " PMM™ P + e3 LN N L)y(t)

+1 : —y" (t)PBE; B Py(t) + (L —n)g" (y(t — 7(t)))Z19(y(t — 7(t)))

=y (OPME; MTPy(®) + (1= m)g” (u(t = () NFZ2Nag(y(t - (1)

4 OPTTTPY(0) + (1 =)y (u(t — rON T Tglu(t — 7(1))

+97 (y(1)Qy(y(t)) — (1 = n)g” (y(t — 7(1)))Qg(y(t — 7(t)))

www.intechopen.com



Stability Results for Uncertain Stochastic High-Order Hopfield Neural Networks
with Time Varying Delays 329

+trace[o” (t,y(t), y(t — 7(t))) Po(t, y(t),y(t — 7(t)))],
Then we have $V (y(t),t) <0 when 1<0, that is the inequality (4) holds, which completes

the proof of the theorem.
By constructing another Lyapunov function al, we can obtain the following result.
Theorem 3.3.  Assume that there exist matrices ®0and D; « O such that

trace[o” (t,y(t),y(t — 7(t))) D dia.t;'{sfn{m(i)),s‘;rz(yz(t}}-.---esim(yu(:'-)}}d(t,y{i}-.fu(t—T(i)))l

<y (H)Doy(t) +y" (t —T(t)) Dry(t — 7(t)).
System (3)is globally asymptotically stable ie tinean square, if there exist positive definite matrices
“;and the scalarex> 0 (k= 1, 2, 3)such that

[ v DM eNoL™' DM eNy DM DB eaN% |
x  —el 0 0 0 0 0 0
* * —e 1 0 0 0 0 0

M, — % * * —eol 0 0 0 0 <0, (4

* * * * —eod 0 0 0
* * * * * —esl 0 0
* * * * * * ¥, 0

| * * * * * x  —eg(l—n)I |

where L = diag(L;).i = 1,2,...,n, x = (Xl-)("‘ x”}T, D = diag[d,.ds,....d,,] >0i=1,2,...n and

o =—-DCL™Y - - UT”T” + D+ L™ D(]L_
Proof: We use the following positive deflnlte Lyapunov functional to derive the stability
result,

V(y,t) = 22(3 [? gi(s)ds + _;ZZ[ q”JJ(ys))

where Q = (¢ij)nxn = NENp +THTy + Dy + %4, d; > 0,4 =1,2,...,n. Define

G(y) = min { min { fm g;(0)do, /_m g;(ﬁ)dﬁ},iﬁ =1,2,..., n},
0 0

which satisfies

G(r)>0, r>0, G(r) — +o0, 1T — 400,
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and G(0) 0,G(y) GQy|), for x ¢ ".We have

V(y(t),t) > QZd / gi(s)ds > 2, (D)G(|yl).

which gives a lower by a positive radlally unbounded function.
It is to verify that

An(DIG() < V(©).0) < [200(DL) + T -pu QD) IO, q> 1.

By Ito * s formula, we can calculate $Vi(y(t), t), Va(y(t), t) along the trajectories of the
system (3), then we have

LVily(t)t) = 27 (OD[—(C + ACE)y(t) + (A -+ AA®)g(y(®) + (B + AB())
+IT T)g(y(t — (1)) + tracelo™ (8, y(t), y(t — 7(t) Do (t, y(t), y(t — 7(1)))]
diag{ g (11 (£)): G2 W2(t)); -+ . Gu(Wa () }, (15)
LVo(y(t),t) = l%ngr(y(t))Q.a(y(t))—gT{y(t —7(1)Qg(y(t — 7(1))).  (16)

Then it follows from Lemma 3.1 that

—2¢" (y(t)) D(ACH)y(t) < e'g" (y(t)DMM* Dy(t)

+erg” (y(t)) L' NENe L g(y(t)) (17)

20" (y(1) D(AA()g(y(t) < e'y" () DMM" Dy(t)
+e2g" (y(t)) LNANALg(y(1)) (18)
29" (y(t))D(AB(t)g(y(t —7(t)) < e'g" (y(t)DMM" Dg(y(t))
+eag” (y(t —7(1))) Ny Npg(y(t — 7(1))) (19)

9" () DByly(t = 7(1)) + ¢"(w(t —7(1))B" Dy(y(t)) < 9" (u(t)) DBE;" B Dg(u(t))

+g" (y(t —7(t)))S1g(y(t — 7(t))) (20)
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g (@) DI Tyg(y(t — () + g" (yt—7(t)THTg(y(t) < g" (y(t)) DI'T Dg(y(t))
+g" (y(t — 7)) T Tag(y(t — 7(t)))

< xllPe” (w() D?g(y(t))

+9" (y(t — 7)) T Trag(y(t — 7(t))). (21)

Since@ = NLNp + TH Ty + Dy + ¥4, and from (15)-(21) it follows that

V(y(t).t) < g"(y(t)g(y(t)).
Then we have $V (y(t), t) <0 when ><0, that is the inequality (14) holds, which completes

the proof of the theorem.
Theorem 3.4. Assume that there exist matrices @>Dg * 0 and D; * 0 such that

tracelo” (t,y(t), y(t — 7(1)))(C + DL)o(t, y(t),y(t — 7(t))] < y" () Doy(t) +y™ (t — () Diy(t — (1))
System (3)is globally asymptotically stable in the mean square, if the condition (Hj) is
satisfied and there exists positive constants A «;, i = 4, 5, 6 such that

45 D DM DM DM L 'Ne eNT NG |
x*  —O3P 0 0 0 0 0 0
* * —eyl 0 1] 0 0 0

0 * * * —e5] 0 0 0 0 <0, 22)

% * N 0 0 0
* * ¥ * * —egf 0 0
" * * % " * —esl 0

| * # * * * * —egl |

where L = diag(L;),i = 1,2,...n, X = (X1:X2s s Xn)'» D = diagld,,dz, ....,d,] > 0 where i =

1.2,...n and 3 = —2DCL™ ' + DA+ ATD + %";}”25)\;\:(1’}(3"'3 + TETH).
Proof: We use the following positive definite Lyapunov functional to derive the stability
result,

Vig.t) = +22df s)ds + - ”ZZ/ qi;97 (y(s))ds

i=1 j=1 i TJ(rJ

1
+(1’3]

t . - [
. r;j: o" (y(s))WT PWg(y(s))ds + —— 9" ()W Waly(s))ds,

—7(t) 1—n t—7(t)
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where W=B+ 6TTyand Q = (Gj)nxn=( *, + De )N [ Ng+ L1D,L 1L By Ito * s formula, we
can calculate $v1, $v2, $v3, $v4and PVSalong the trajectories of the system (3), then we have

LVi(y(t),t) < —y" (OC%y(t) — y" (HC%y(t) — 24" (C(AC(E))y(t) + 24" ()C Ay(t)
+2y" (E)C(AA®))y(t) + 24" ()CWgl(y(t — (1)) + 2y (H)C(AB(t))g(y(t — 7(t)))

+tracelo” (t,y(t),y(t — 7))Co(t,y(t), y(t — 7))]. (23)

Using the inequality technique, we have

—y (H)CPy(t) + 2" (H)CAy(t) = —(Cy(t) — Ag(y(t)))" (Cy(t) — Ag(y(t)))
+g" (y(1)) AT Ag(y(1)), (24)
—y" (C%y() + 29" (CWg(y(t —7(1))) = —(Cy(t) = Waly(t — (1)) (Cy(t) = Wgly(t — 7(t))))

+g" (y(t —rO))W Wyt —7(t)).  (25)

From Lemma 3.1, it follows that

2y (C(ACH)y(t) < e 'g" (y(t)L'CMMTCL  g(y(t))
+e1g” (y(1)) LT NENe L™ g(y(t)) (26)

29T (HC(AAM)y(t) < e 'g’ (y(t)L ' CMMTCL g(y(t))
+eag” (y(t))NANag(y(t)) (27)

2y (t)C(AB()g(y(t — 7(t))) < esg’ ()L 'CMM"CL g(y(t))
+e3'g" (y(t — 7(8))NE Npg(y(t — 7(2)))- (28)

Since the first term of the equations (24) and (25) are non-positive, we can write the
following inequalities:

—y"()Cy(t) + 29" (1)CAy(t) < g (y(t)AT Ag(y(t)) (29)

—yT(6)C?y(t) + 2y (CWy(y(t — () < g  (y(t —7(£))WT Wg(y(t — 7(t))).(30)
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Substitute (26)-(30) in (23), we get

LVi(y(t).t) < g" (y(t) AT Ag(y(t)) + g" (y(t — 7(t) )W Wg(y(t — 7(t)))
+er g (y(@) L' OMMTCL  g(y(t)) + exg” (y(t)) L' NENe L™ " g(y(t))
+e; 9" (y() LT CMMTCL " g(y(1)) + e2g” (y(1)) N Nag(y(t))
+e5 g7 (y(@) LT CMMTCL  g(y(t)) + esg” (y(t — 7(1))) N5 Npg(y(t — 7(1)))

+trace[o” (t,y(t), y(t — 7(t)))Co(t.y(t), y(t - 7(t)))]. (31)

Also,

LVa(y(t).t) = 2&93'(3;(0)9[ = (C+ACM)y(t) + (A+ AA(t)g(y(t)) + ((B + AB(1))

+IT T )g(y(t — T(f)))] +tracelo” (t,y(t). y(t — 7(1))) DLo(t,y(t), y(t — 7(t)))].

Adding and subtracting a3 g (y(t))DP~1Dg(y(1)) in the above equation, then we have
LVa(y(t),t) < —2ag”(y(t))DCy(t) — 2ag" (y(t)) D(AC(t))y(t) + 2ag” (y(t)) DAg(y(t))

+2ag” (y(t)) D(AA(L))g(y(t)) + 209 (y(£)) DW g(y(t — 7(t)))
+2ag" (y(£)) D(AB(1)g(y(t — 7(2))) + B~ g" (y(£))DP~ " Dg(y(t))

—apf™ g (y(t))DP " Dy(y(t)). (32)
From Lemma 3.1, it follows that
—2ag” (y()) DACH)y(t) < aeg'g" (y(t) DMMT Dg(y(t))
raesg” (y(t) L NENGL ™ g(y(t)) (39
209" (y(t)) D(AA()g(y(t)) < aes'g’ (y(t)DMM* Dg(y(t))
+aesg” (y(t)) N3 Nag(y(t)) (34)

209" (y(t)) D(AB(1)g(y(t — 7(t)) < aeg'g” (y(t))DMMT Dg(y(t))

+aesg” (y(t — 7(8)))NE Npg(y(t — 7(1))) (35)
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