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1. Introduction 

Recently, there are more and more interests in studying and discovering the behavior of 
low-dimensional system, such as compositional superlattices, doped superlattices, quantum 
wells, quantum wires and quantum dots. The confinement of electrons and phonons in low-
dimensional systems considerably enhances the electron mobility and leads to unusual 
behaviors under external stimuli. Many attempts have conducted dealing with these 
behaviors, for examples, electron-phonon interaction effects in two-dimensional electron 
gases (graphene, surfaces, quantum wells) (Ruker et al., 1992; Richter et al., 2009; Butscher et 
al., 2006). The dc electrical conductivity (Vasilopoulos et al., 1987; Suzuki, 1992), the 
electronic structure (Sager et al., 2007), the wavefunction distribution (Samuel et al., 2008) 
and the electron subband (Flores, 2008) in quantum wells have been calculated and 
analyzed. The problems of the absorption coefficient for a weak electromagnetic wave in 
quantum wells (Bau&Phong, 1998), in doped superlattices (Bau et al., 2002) and in quantum 
wires (Bau et al., 2007) have also been investigated and resulted by using Kubo-Mori 
method. The nonlinear absorption of a strong electromagnetic wave in low-dimensional 
systems have been studied by using the quantum transport equation for electrons 
(Bau&Trien, 2011). However, the nonlinear absorption of a strong electromagnetic wave in 
low-dimensional systems in the presence of an external magnetic field with influences of 
confined phonons is stills open to study. In this chapter, we consider quantum theories of 
the nonlinear absorption of a strong electromagnetic wave caused by confined electrons in 
the presence of an external magnetic field in low dimensional systems which considered the 
effect of confined phonons. 
The problem is considered for the case of electron-optical phonon scattering. Analytic 
expressions of the nonlinear absorption coefficient of a strong electromagnetic wave caused 
by confined electrons in the presence of an external magnetic field in low-dimensional 
systems are obtained. The analytic expressions are numerically calculated and discussed to 
show the differences in comparison with the case of absence of an external magnetic with a 
specific AlAs/GaAs/AlAs quantum well, a compensated n-p n-GaAs/p-GaAs doped 
superlattices and a specific GaAs/GaAsAl quantum wire. 
This book chapter is organized as follows: In section 2, effect of magnetic field on nonlinear 
absorption of a strong electromagnetic wave in a quantum well. Section 3 presents the effect 
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of magnetic field on nonlinear absorption of a strong electromagnetic wave in a doped 
superlattice. The effect of magnetic field on nonlinear absorption of a strong electromagnetic 
wave in a cylindrical quantum wire is presented in section 4. Conclusions are given in the 
section 5. 

2. Effect of magnetic field on nonlinear absorption of a strong 
electromagnetic wave in a quantum well 

2.1 The electron distribution function in a quantum well in the presence of a magnetic 
field with case of confined phonons 
It is well known that in quantum wells, the motion of electrons is restricted in one 

dimension, so that they can flow freely in two dimensions. In this article, we assume that the 

quantization direction is in z direction and only consider intersubband transitions (n≠n’) 

and intrasubband transitions (n=n'). As well as, we consider a quantum well with a 

magnetic field B


 applied perpendicular to its barriers. The Hamiltonian of the confined 

electron-confined optical phonon system in a quantum well in the presence of an external 

magnetic field B


 in the second quantization representation can be written as (Mori & Ando, 

1989; Bau & Phong, 1998; Bau et al, 2009): 
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where N is the Landau level index (N = 0, 1, 2 …); n (n = 1, 2, 3, ...) denotes the quantization 

of the energy spectrum in the z direction, ( , ,n N k⊥


)and( ', ',n N k q⊥ ⊥+

 
) are electron states 

before and after scattering, ( )k q⊥ ⊥

 
 is the in plane (x, y) wave vector of the electron (phonon), 

, ,n N k
a+

⊥
 , 

, ,n N k
a

⊥
  ( , ,,m q m qb b+

⊥ ⊥
  ) are the creation and the annihilation operators of the confined 

electron (phonon), respectively, ( )A t


 is the vector potential of an external electromagnetic 

wave ( ) ( )oA t eE sin t /= Ω Ω
 

 and ,m qω
⊥

  is the energy of a confined optical phonon. The 

electron energy H

n ,N(k )⊥ε


 in quantum wells takes the simple form (Bau  et al., 2009): 
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where ΩB = eB/m* is the cyclotron frequency, m* is the effective mass of electron; L is the 

width of quantum wells and m
qC

⊥
  is the electron-phonon interaction factor. In the case of the 

confined electron- confined optical phonon interaction, we assume that the quantization 

direction is in z direction, m
qC

⊥
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where V,  e and oε  are the normalization volume, the effective charge and the electronic 

constant (often V=1); oω  is the energy of a optical phonon ( ,m q oω ω
⊥

≈  ); m (m=1, 2, …), is 
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the quantum number m characterizing confined phonons, L is well’s width, χ∞ and χo are 

the static and the high-frequency dielectric constant, respectively. The electron form factor 

in case of confined phonons is written as (Rucker et al., 1992): 

 
L

m
nn '

0

2 m z m z n' z n z
I (m)cos (m 1)sin sin sin dz

L L L L L

π π π π 
= η + η +      (4)  

with (m) 1η =  if m is even number and (m) 0η =  if m is odd number, and JN,N’(u) takes the 

simple form: 
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r⊥


 and ac = c/eB is position and radius of electron in the (x, y) plane, e is the electron charge, 

c is the light velocity, u = 2 2
ca q / 2⊥ , φN(x) represents the harmonic wave function. 

Starting from the Hamiltonian (Eqs. (1-5)) and realizing operator algebraic calculations, we 
obtain the quantum kinetic equation for confined electrons in the presence of an external 
magnetic field with case confined phonons: 
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where 
t

ψ  is the statistical average value at the moment t and 
t

Tr(W )ψ ψ
∧ ∧

=  ( W
∧

 being 

the density matrix operator); Jg(x) is the Bessel function, m* is the effective mass of the 

electron, the quantity δ  is infinitesimal and appears due to the assumption of an adiabatic 

interaction of the electromagnetic wave; 
n ,N ,k n , ,N,k n , ,N ,k

n (t) a a+

⊥ ⊥ ⊥
=  

 
 is electron distribution 

function in quantum well; m ,qN
⊥

 which comply with Bose–Einstein statistics, is the time-

independent component of the phonon distribution function. In the case of the confined 

electron-confined optical phonon interaction, m ,qN
⊥

  can be written as (Abouelaoualim, 

1992): 
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After using the first order tautology approximation method (Malevich&Epstein, 1974) to 
solve this equation, the expression of electron distribution function can be written as: 
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where 
n ,N ,k

n
⊥

  is the time - independent component of the electron distribution fuction; 

gJ (x)  is the Bessel function.  Eq.(8) also can be considerd a general expression of the electron 

distribution function in two dimensional systems with the electron form factor and the 

electron energy spectrum of each system. 

2.2 Calculations of the nonlinear absorption coefficient of a strong electromagnetic 
wave by confined electrons in a quantum well in the presence of a magnetic field with 
case of confined phonons 
The nonlinear absorption coefficient of a strong electromagnetic wave by confined electrons 
in the two-dimensional systems takes the simple form (Shmelev, 1978): 

 o2 t
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α
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∞

= Ω
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     (9) 

Because the motion of electrons is confined along z direction in quantum wells, we only 

consider the in plane (x, y) current density vector of electrons so the carrier current density 

formula in quantum wells is taken the form(Shmelev, et al., 1978): 
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with 
( )

( )

3
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o

o 3
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o B

n e
n

V. m k T

π∗ = , no is the electron density in quantum well, mo is the mass of free 

electron, kB is Boltzmann constant. 

By using Eq.(10), the confined electron-confined optical phonon interaction factor m ,qC
⊥

  in 

Eq.(3) and the Bessel function, from the expression of current density vector in Eq.(10) and 
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the relation between the nonlinear absorption coefficient of a strong electromagnetic wave 

with j (t)⊥


 in Eq.(9), we established the nonlinear absorption coefficient of a strong 

electromagnetic wave in a quantum well in the presence of an external magnetic field under 

influnece of confined phonons: 
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In Eq. (11), it’s noted that we only consider the absorption close to its threshold because in 

the rest case (the absorption far away from its threshold) α  is very smaller. In the case, the 

condition 0g ω εΩ − <<  ( ε  is the average energy of electron) must be satisfied (Pavlovich 

& Epshtein, 1977). The formula of the nonlinear absorption coefficient contains the quantum 

number m characterizing confined phonons. When quantum number m characterizing 

confined phonons reaches to zero, the expression of the nonlinear absorption coefficient for 

the case of absorption in quantum wells without influences of confined phonons can be 

written as: 
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In Eqs.(12) we can see that the formula of the nonlinear absorption coefficient easy to 

come back to the case of linear absorption when the intensity (Eo) of external 

electromagnetic wave reaches to zero which was calculated Kubo – Mori method (Bau & 

Phong, 1998).  
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2.3 Numerical results and discussion 
In order to clarify the mechanism for the nonlinear absorption coefficient of a strong 

electromagnetic wave in a quantum well with case of confined, in this section, we will 

evaluate, plot and discuss the expression of the nonlinear absorption coefficient for a 

specific quantum well: AlAs/GaAs/AlAs. We use some results for linear absorption in 

(Bau&Phong, 1998) to make the comparison. The parameters used in the calculations are as 

follows (Pavlovich, 1978): εo=12.5; 12.9,oχ =  10.9,χ∞ =  23 310 ,on m−=  0100 ,L A=  
*

om 0.067m ,= om =9.1.10-31Kg, kB=1.3807×10-23, Ω = 2.1014 s−1 , , 36.25m q o meVω ω
⊥

≈ =  . 
Fig. (1-2) show the nonlinear and the linear absorption coeffcients in quantum wells in the 
presence of an external magnetic field for the case of confined electron - optical phonon 
scattering. The dependence of the absorption coeffcient on the frequency Ω of an external, 
strong electromagnetic wave and on the cyclotron frequency ΩB for the case of an external 
magnetic field has one main maximum and several neighboring secondary maxima. The 
further away from the main maximum, the secondary one is the smaller. But in case of 
absence of an external magnetic field, there are only two maxima of nonlinear absorption 
coeffcient (Bau et al., 2010). When we consider case Eo = 0 and m reaches to zero, the 
nonlinear result with case confined phonon, will turn back to the linear result with case of 
unconfined phonons which was calculated by using another method the Kubo - Mori 
method (Bau&Phong, 1998). 
 

 

Fig. 1. The dependence of nonlinear absorption coefficient on Ω  in case of confined phonons 

Another point is that the absorption coeffcient in the presence of an external magnetic field 
is smaller than that without a field (Bau et al., 2010) because in this case, the number of 
electrons joining in the absorption process is limited. In addition, the Landau level that 
electrons can reach must be defined. In other word, the index of the Landau level that an 
electron can reach to after the absorption process must satisfy the condition: 

2 2
2 2

2
( ' ) 0

2 *
B on n M

m L
π

ω− + Ω − + Ω =
     
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This is different from that for normal bulk semiconductors (index of the Landau level that 
electrons can reach after the absorption process is arbitrary), therefore, the dependence of 
the absorption coeffcient on ΩB and Ω is not continuous. 
 

 

Fig. 2. The dependence of absorption coefficient on BΩ  in case of confined phonons 

 

 

Fig. 3. The dependence of nonlinear absorption coefficient on Ω  in case of unconfined 
phonons 
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Fig. 4. The dependence of absorption coefficient on BΩ  in case of unconfined phonons 

 

 

Fig. 5. The dependence of nonlinear absorption coefficient on L in case of confined phonons 
(m=1, m=3) 

Fig. (3-4) show the nonlinear and the linear absorption coeffcients in quantum wells in the 
presence of an external magnetic field for the case of unconfined phonons (Bau et al.,  2009). 
All figs show that the confinement of optical phonons have effected much strongly on 
absorption coeffcients. There is difference in the spectrum of absorption coeffcients in case 
confined phonons from its in case unconfined phonons. In fig.(1), the density of 
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resonancepeaks is greater and the value of absorption coeffcients is higher than its with case 
unconfined phonons (fig.3) in both of the nonlinear and the linear absorption. In fig.4, some 
of resonance peaks have changed these position. These points are quite similar to case of 
confined phonons with out influence of an external magnetic field (Bau et al., 2010). 
 

 

Fig. 6. The dependence of nonlinear absorption coefficient on T and Eo in case of confined 
phonons (m=1, m=2) 

In fig.5, the dependence of the nonlinear absorption coeffcient on the quantum well's width 
has several maxima while each curve has one maximum peak in absence of a magnetic field 
(Bau et al., 2010). Fig.6 shows the dependence of the nonlinear absorption coeffcient on T 
and Eo. Both of fig.(5,6) show that the absorption coeffcient depends much strongly on 
quantum number m characterizing confined phonons, it gets greater when m increases. 

3. Effect of magnetic field on nonlinear absorption of a strong 
electromagnetic wave in a doped superlattice 

3.1 Calculations of the nonlinear absorption coefficient of a strong electromagnetic 
wave by confined electrons in a doped superlattice in the presence of a magnetic field 
with case of confined phonons 
In doped superlattices, in the presence of an external magnetic field, the confined electron 
energy takes the simple form: 

 εn ,N
H


k

⊥( ) = ωp n+
1
2

฀

฀




฀
+ ΩB N +

1
2

฀

฀




฀
     (13)   

with, 

1 2
24 D

p
o

e n
m

π
ω

ε ∗

 
=  

 
is the frequency plasma caused by donor doping concentration,  Dn is 

the doping concentration. The electron form factor  , '
m

n nI  can be written as: 

 ( ) ( )
1

, ' '

0

z

dN
iq mdm

n n n n
m

I z md e z md dzφ φ= − −    (14) 
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Here ( )n zφ  is the eigenfunction for a single potential which compose the doped 

superlattices potential, d is the doped superlattices  period, N1 is the number of doped 

superlattices period. 

The electron distribution function in doped superlattices can be written as Eq.(8) with the 

electron energy spectrum and the electron form factor in Eq. (13) and Eq.(14). We insert the 

expression for 
n ,N ,k

n (t)
⊥

  for a doped superlattice into the expression for j (t)⊥


 and then 

insert the expression for j (t)⊥


 into the expression for α  in Eq.(9). Using the properties of 

Bessel function and realizing the calculations, the time - independent component of the 

electron distribution function and the confined electron-confined optical phonon interaction 

constants, we can calculate to obtain expression of the carrier current density and the 

nonlinear absorption coefficient of a strong electromagnetic wave by confined electrons in a 

doped superlattice. We obtain the explicit expression of α  in a doped superlattice for the 

case electron-optical phonon scattering: 

( )
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2
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(15) 

Here,  

2
2

, '2
, , '4

o m
DSL o n n

m n n

C
A N I

π
= 

;  

In Eq. (15), it’s noted that we only consider the absorption close to its threshold. In the 

case, the condition og ω εΩ − <<  must be satisfied (Pavlovich & Epshtein, 1977). The 

formula of the nonlinear absorption coefficient contains the quantum number m 

characterizing confined phonons. When quantum number m characterizing confined 

phonons reaches to zero, the expression of the nonlinear absorption coefficient for the case 

of absorption close its threshold in a doped superlattice in case of unconfined phonons 

can be written as: 
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Here,  
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

; 

The term in proportion to quadratic intensity of a strong electromagnetic wave tend toward 
zero, the nonlinear result in Eqs.(16), will turn back to the linear case which was calculated 
by another method the Kubo – Mori (Bau et al., 2002). 

3.2 Numerical results and discussion 
In order to clarify the mechanism for the nonlinear absorption of a strong electromagnetic 
wave in a doped superlattices, in this section, we will evaluate, plot and discuss the 
expression of the nonlinear absorption coefficient for the case of a specific doped 
superlattices  n-GaAs/p-GaAs. We use some results for nonlinear absorption in case absence 
of external magnetic field (Bau et al., 2010) to make the comparison. The parameters used in 

the calculations are as follows: χ∞ = 10,9; oχ  = 12,9; no = 1023m-3; εo=12.5;  m* = 0,067mo, d = 

800A0 being the doped superlattices period, , 36.25m q o meVω ω
⊥

≈ =  ;     Ω= 5.5.1013 s-1, T = 

300 K, e = 2.07e0, eo = 1.6.10-19C.  
Fig.7 and fig.8 show the dependence of nonlinear absorption coefficient α  in doped 

superlattices on the intensity, Eo, of the electromagnetic wave is strong for the two cases 
present and absent magnetic field. Graph shows, the absorption coefficient dependency 
strong and nonlinear on the intensity Eo of electromagnetic waves. When the intensity of Eo 
increases, the absorption coefficient also increased rapidly. However, for the case present 
external magnetic field, the value of the nonlinear coefficient absorption larger than when 
absent external magnetic field. 
 

 

Fig. 7. The dependence of α on the Eo  (Absence of an external magnetic field) 
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Fig. 8. The dependence of α on the Eo (Presence of an external magnetic field) 

Fig.9 and fig.10 are the results from the survey of absorption coefficient on temperature and 

concentration of concentration doped. Graph shows absorption coefficient is also 

dependence strong and nonlinear on temperature T and concentration doped Dn . For both 

cases present and absent magnetic field, nonlinear absorption coefficient increased, when 

the temperature and the concentration doped of the system increases. Causes of this 

phenomenon: when the temperature and the concentration doped of system increases, 

leading to increased particle density, increased stimulation resulting vibrations in the 

material particles so that absorption coefficient of electromagnetic waves increased. 
 

 

Fig. 9. The dependence of α on the Dn  and T (Absence of an external magnetic field) 
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Fig. 10. The dependence of α on the Dn  and T (Presence of an external magnetic field) 

Fig.11 and fig. 12 show the dependence of the nonlinear absorption coefficient α  on the 

energy Ω  in doped superlattices of an external strong electromagnetic wave for the cases 
two absent and present magnetic field. Graphs show clearly the difference between them.  
 

 

Fig. 11. The dependence of α on the Ω  (Absence of an external magnetic field) 

In fig.11, energy absorption spectrum have one resonance peak in case absence of magnetic 
field, but in fig.12, energy absorption spectrum is interrupted in the case presence of 
magnetic field. The absorption coefficient strong increases more in the case absence of 
magnetic field. The line spectrum formation of absorption coefficient in fig.12 clearly shows 
the influence of magnetic field on the absorption coefficient of strong external 
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electromagnetic waves. This difference can be explained: in the presence of a magnetic field, 
the energy spectrum of electronic is interruptions. In addition, the Landau level that 
electrons can reach must be defined. In other word, the index of the absorption process must 
satisfy the condition:  

 ( ) ( )' ' 0p B on n N Nω ω− + Ω − + − Ω =      (17) 

in function Delta – Dirac. This is different from that for case absent a magnetic field (index of 
the landau level that electrons can reach after the absorption process is arbitrary), therefore, 

the dependence of the absorption coefficient α  on  Ω  is not continuous. 

 

 

Fig. 12. The dependence of α on the Ω  (Presence of an external magnetic field) 

4. Effect of magnetic field on nonlinear absorption of a strong 
electromagnetic wave in a cylindrical quantum wire 

4.1 The electron distribution function in a cylindrical quantum wire in the presence of 
a magnetic field with case of confined phonons 
We consider a wire of GaAs with a circular cross section with radius R and length Lz 
embedded in AlAs. The carries (confined electrons) are assumed to be confined by infinite 
potential barriers and free along the wire’s axis (Oz). A constant magnetic field with the 

magnitude B


 is applied parallel to the axis of wire. In the case, the Hamiltonian is given by 
(Bau & Trien, 2010): 

( )
z z zz z

zz

n , ,N z m,k,q m,k ,q m,k ,qn , ,N,k n , ,N,k
m,k ,qn , ,N,k

e
H k A t .a a .b .b

c
+ + 

= ε − + ω +  
        


 



 

 ( ) ( )
z z zz z z

z
z

m,k m,k
q n ,n ' ' N,N ' m,k ,q m,k ,qn ', ',N ',k q n , ,N,k

m,kn ', ',N ',k
n , ,N,q

C I J u a a b b+ +

+
+        

 

  (18) 

Where the sets of quantum numbers ( n, ,N ) and ( n ', ',N' ), characterizing the states of 

electron in the quantum wire before and after scattering with phonon; ( )n , ,N ,k n , ,N ,kz z
a a+  

 
is the 
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creation (annihilation) operator of a confined electron; zk


 is the electron wave vector (along 

the wire’s z axis); ( )m ,k ,q m ,k ,qz z
b b+    is the creation operator (annihilation operator) of a 

confined optical phonon for state have wave vector zq


; m,k,qz
ω   is the frequency of confined 

optical phonon, which was written as (Yu et al., 2005; Wang et al., 1994):  

( )2 2 2 2 2

m ,k ,q 0 z m,kq + qω ω β= − , with β  is the velocity in cylindrical quantum wire and 0ω  is the 

frequency of optical phonon; (m, k) are quantum numbers characterizing confined phonons; 

the electron form factor m ,k

n ,n ' 'I    can be written from (Li et al., 1992): 

 
R

m,k
n ,n m,k m,k n , n ,n n2

0

2
I (q ) J (q R). (r). (r).rdr

R
∗

′ ′ ′ ′′−= ψ ψ        (19)  

The electron-optical phonon interaction constants can be taken as: 

 ( )
2

m ,k 2 2 2

q o o o z m ,kz
C e . 1 / 1 / / 2V (q q )π ω χ χ ε∞= − +     (20) 

Here V is the normalization volume, εo is the permittivity of free space, χ∞ and χo are the 

high and low-frequency dielectric constants, 2

m ,kq  can be written from (Yu et al., 2005; Wang 

et al., 1994): 

 

1

m
k

m
k

   when m = 0

h    when  m = 2s +1; s = 0,1,2...

g    when   m  = 2s   ; s = 1,2,3... 

k

m,k

x / R

q / R

/ R




= 



 ,  (21) 

and JN,N’(u) takes the form (Suzuki et al., 1992; Generazio et .al, 1979; Ryu et al., 1993; 
Chaubey et al., 1986):  

    ( ) ( )( ) ( )' '

.2 2

,
. z ziq k

z c z z N z c zN N N
J u dr r a k q e r a kφ φ

+∞

−∞

= − − −
   

   (22) 

Here φN(x) represents the harmonic wave function. 
When the magnetic field is strong and the radius R of wires is very bigger than cyclotron 
radius ac, the electron energy spectra have the form: 

 
2 2

z
Bn , ,N,kz

k n 1
N

2m 2 2 2
ε

∗

 
= + Ω + + +  




   with N 0,1,2,...=   ,   (23) 

In order to establish analytical expressions for the nonlinear absorption coefficient of a 
strong electromagnetic wave by confined electrons in cylindrical quantum wire, we use the 
quantum kinetic equation for particle number operator of electron 

( )
n , ,N ,k n , ,N,k n , ,N ,kz z z t

n t a a+=  
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: 
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a a H

t
+

∂
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      (24) 

Where 
t

ψ  is the statistical average value at the moment t and ( )
t

Tr Wψ ψ
∧ ∧

=  ( W
∧

 being 

the density matrix operator). Starting from the Hamiltonian Eq. (18) and using the 
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commutative relations of the creation and the annihilation operators, we obtain the 

quantum kinetic equation for electrons in cylindrical quantum wire in the presence of a 

magnetic field with case of confined phonons:  
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 (25) 

where Jg(x) is the Bessel function, m is the effective mass of the electron, ,qz
Nλ

 is the time - 

independent component of the phonon distribution function, ( )
,kz

n t
γ

  is electron 

distribution function in cylindrical quantum wire and the quantity δ  is infinitesimal and 

appears due to the assumption of an adiabatic interaction of the electromagnetic wave; 

n, ,N;γ =   n , ,N ;γ ′ ′ ′ ′=   m,k.λ =  

It is well known that to obtain the explicit solutions from Eq. (25) is very difficult. In this 

paper, we use the first - order tautology approximation method (Pavlovich & Epshtein, 

1977; Malevich & Epstein, 1974; Epstein, 1975) to solve this equation. In detail, in Eq. (25), 

we use the approximation: 
,k ,k ',k q ',k qz z z z z z

n (t ) n  ;  n (t ) n
γ γ γ γ± ±

′ ′≈ ≈     .  

where 
,kz

n
γ

  is the time - independent component of the electron distribution function in 

cylindrical quantum wire. The approximation is also applied for a similar exercise in bulk 

semiconductors (Pavlovich & Epshtein, 1977; Malevich & Epstein, 1974). We perform the 

integral with respect to t. Next, we perform the integral with respect to t of Eq. (25). The 

expression of electron distribution function can be written as: 
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From Eq.(26) we see that the electron distribution function depends on the constant in the 

case of confined electron – confined phonon interaction, the electron form factor and the 

electron energy spectrum in cylindrical quantum wire. Eq.(26) also can be considered a 

general expression of the electron distribution function in cylindrical quantum wire with the 

electron form factor and the electron energy spectrum of each systems. 

4.2 Calculations of the nonlinear absorption coefficient of a strong electromagnetic 
wave by confined electrons in a cylindrical quantum wire in the presence of a 
magnetic field with case of confined phonons 
The nonlinear absorption coefficient of a strong electromagnetic wave α in a cylindrical 

quantum wire take the form similary to Eq.(9): 

 ( )z o2 t
o

8
j t E sin t

c E∞

π
α = Ω

χ

 
     (27) 

where 
t

X  means the usual thermodynamic average of X at moment t, ( )A t


is the vector 

potential, Eo and Ω is the intensity and frequency of electromagnetic wave. The carrier 

current density formula in a cylindrical quantum wire takes the form similary to in 

(Pavlovich & Epshtein, 1977): 
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e e
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Because the motion of electrons is confined along the (x, y) direction in a cylindrical 

quantum wire, we only consider the in - plane z current density vector of electrons, zj (t)


. 

Using Eq. (28), we find the expression for current density vector: 
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We insert the expression of ( )
,kz

n t
γ

  into the expression of zj (t)


 and then insert the 

expression of zj (t)


 into the expression of α  in Eq.(27). Using property of Bessel function 

( ) ( ) ( )k 1 k 1 kJ x J x 2kJ x / x+ −+ = , and realizing calculations, we obtain the nonlinear absorption 

coeffcient of a strong electromagnetic wave by confined electrons in cylindrical quantum 

wire with case of confined phonons: 
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+

     

  

 

 
   (30) 

We only consider the absorption close to its threshold because in the rest case (the 

absorption far away from its threshold) α  is very smaller. In the case, the condition 

ogΩ − ω << ε  must be satisfied (Pavlovich & Epshtein, 1977). We restrict the problem to the 

case of one photon absorption and consider the electron gas to be non-degenerate: 
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B
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By using the electron - optical phonon interaction factor, the Bessel function and the electron 

distribution function, from the general expression for the nonlinear absorption coefficient of 

a strong electromagnetic wave in a cylindrical quantum wire Eq.(30), we obtain the explicit 

expression of the nonlinear absorption coefficient α in cylindrical quantum wire for the case 

confined electron-confined optical phonon scattering: 
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    (31) 

Where C1(M), C2(M) are functions of M: 
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and  QRA  is written as: 
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From analytic expressions of the nonlinear absorption coefficient of a strong electromagnetic 
wave by confined electrons in cylindrical quantum wire with infinite potential in the 
presence of a magnetic field (Eq.31), we can see that quantum numbers (m, k) characterizing 
confined phonons reaches to zero, the result of nonlinear absorption coefficient will turn 
back to the case of unconfined phonons (Bau & Trien, 2010): 
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with 
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π ε χ χ 
   which n ,n ' 'I    is written as in (Bau & Trien, 2010) 

4.3. Numerical results and discussion 
In order to clarify the results that have been obtained, in this section, we numerically 

calculate the nonlinear absorption coefficient of a strong electromagnetic wave for a 

GaAs=GaAsAl cylindrical quantum wire. The nonlinear absorption coefficient is considered 

as a function of the intensity Eo and energy of strong electronmagnet wave, the temperature 

T of the system, and the parameters of cylindrical quantum wire. The parameters used in the 

numerical calculations (Bau&Trien, 2010) are εo=12.5,χ∞= 10.9, χo=  13.1, m = 0.066mo, mo 

being the mass of free electron, m,k,q 36.25meV 
zoω ω≈ =  , kB = 1.3807×10-23j/K, no = 1023m-

3, e = 1.60219 ×10-19C, ћ = 1.05459 × 10-34j/s. 
Fig. (13,14) shows the dependence of nonlinear absorption coefficient of a strong 
electromagnetic wave on the radius of wire. It can be seen from this figure that α 
depends strongly and nonlinear on the radius of wire but it does not have the maximum 
value (peak), the absorption increases when R is reduced. This is different from the case 
of the absence of a magnetic field. Fig. (13) show clearly the strong effect of confined 
phonons on the nonlinear absorption coefficient, It decreases faster in case of confined 
phonons. 
Fig. (15) presents the dependence of nonlinear absorption coefficient on the electromagnetic 

wave energy at different values of the temperature T of the system. It is shown that 

nonlinear absorption coefficient depends much strongly on photon energy but the spectrum 

quite different from case of unconfined phonons (Bau&Trien, 2010). Namely, there are more 

resonant peaks appearing than in case of unconfined phonons and the values of resonant 

peaks are higher. These sharp peaks are demonstrated that the nonlinear absorption 
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coefficient only significant when there is the condition. This means that α depends strongly 

on the frequency Ω of the electromagnetic wave. 

 

 

Fig. 13. The dependence of nonlinear absorption coefficient on R and T in case of confined 
phonons 

 

 

Fig. 14. The dependence of nonlinear absorption coefficient on R and T in case of unconfined 
phonons 
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Fig. 15. The dependence of nonlinear absorption coefficient on Ω  and T in case confined 
phonons 

 

 

Fig. 16. The dependence of nonlinear absorption coefficient on Ω  and T in case unconfined 

phonons 

It can be seen from this figure that nonlinear absorption coefficient depends strongly and 
nonlinearly on T, α is stronger at large values of the temperature T. 
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Fig. 17. The dependence of nonlinear absorption coefficient on R and m,k in case confined 
phonons 

 

 

Fig. 18. The dependence of nonlinear absorption coefficient on BΩ  and m,k in case 

confined phonons 
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Fig. 17 shows the dependence of nonlinear absorption coefficient on intensity E0 of 
electromagnetic wave in case confined phonons. It can be seen from this figure that α 
depends strongly and nonlinearly on E0. α is stronger at large values of the intensity E0 of 
electromagnetic wave. 

Fig. 18 presents the dependence of α on the cyclotron energy ( BΩ ) of the magnetic field. It 

can be seen from this figure that there are same resonance peaks at different values of 

cyclotron frequency BΩ . The nonlinear absorption coefficient only significant at these 

resonance peaks. Based on this result we make the following remarks: The index of Landau 

level N’ which electrons can move to after absorption. Only at these peaks, strong 

electromagnetic wave is absorbed strongly. In addition, the density of resonance peaks is 

very high in the region where ΩB < Ω, corresponding to the weak magnetic field B


, but this 

density is low when B


 increases. These resonance peaks, reflect the effect of quantum 

magnetic field on the quantum wire. When the magnetic field is stronger, the peaks is more 

discrete, the influence of the magnetic field is shown more clearly. 
Fig. (17,18) show that nonlinear absorption coefficient depends much strongly on quantum 
numbers characterizing confined phonons (m, k), it increases fllowing (m,k). It mean that 
the confined phonons have huge effect on nonlinear absorption coefficient of a strong 
electromagnetic wave in cylindrical quantum wire. 

5. Conclusion 

In this chapter, the nonlinear absorption of a strong electromagnetic wave by confined 
electrons in low-dimensional systems in the presence of an external magnetic field is 
investigated. By using the method of the quantum kinetic equation for electrons, the 
expressions for the electron distribution function and the nonlinear absorption coefficient in 
quantum wells, doped superlattics, cylindrical quantum under the influence of an external 
magnetic field are obtained. The analytic results show that the nonlinear absorption 
coefficient depends on the intensity E0 and the frequency Ω of the external strong 
electromagnetic wave, the temperature T of the system, the cyclotron frequency, the 
quantum number characterizing confined phonons and the parameters of the low-
dimensional systems as the width L of quantum well, the doping concentration nD in doped 
superlattices, the radius R of cylindrical quantum wires. This dependence are complex and 
has difference from those obtained in case unconfined phonon and absence of an external 
magnetic field (Pavlovich & Epshtein, 1977), the expressions for the nonlinear absorption 
coefficient has the sum over the quantum number of confined electron-confined optical 
phonon and contain the cyclotron frequency. All expressions for the nonlinear absorption 
coefficient turn back to case of unconfined phonon and absence of an external magnetic field 
if the quantum number and the cyclotron frequency reaches to zero. 
The numerical results obtained for a AlAs/GaAs/AlAs quantum well, a n-GaAs/p-GaAs 
doped superlattice, a GaAs/GaAsAl cylindrical quantum show that α depends strongly and 
nonlinearly on the intensity E0 and the frequency Ω of the external strong electromagnetic 
wave, the temperature T of the system, the cyclotron frequency, the quantum number 
characterizing confined phonons and the parameters of the low-dimensional systems. The 
numerical results shows that the confinement effect and  the presence of an external 
magnetic field in low dimensional systems has changed significantly the nonlinear 
absorption coefficient. The spectrums of the nonlinear absorption coefficient have changed 
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in value, densty of resononlinear absorption coefficiente peaks, position of resononlinear 
absorption coefficiente peaks. Namely, the values of nonlinear absorption coefficient is 
much higher, densty of resononlinear absorption coefficiente peaks is bigger. 
In addition, from the analytic results, we see that when the term in proportion to a quadratic 
in the intensity of the electromagnetic wave (Eo)(in the expressions for the nonlinear 
absorption coefficient of a strong electromagnetic wave) tend toward zero, the nonlinear 
result will turn back to a linear result (Bau & Phong, 1998; Bau et al., 2002; 2007).  
The nonlinear absorption in each low-dimensional systems in the presence of an external 
magnetic field is also quite different, for example, the nonlinear absorption coefficient in 
quantum wires is bigger than those in quantum wells and doped superlattices. 
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