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1. Introduction 

Orthogonal frequency division multiplexing (OFDM) is a well known and widely employed 
high-data rate transmission technology. By dividing the wideband channel into multiple 
narrowband sub-channels, OFDM mitigates the detrimental effects of the multi-path fading 
channel.  A main drawback of OFDM is that the transmitted signal possesses a high peak-to-
average power ratio (PAPR).  Since the OFDM modulated signal is the superposition of many 
constituent narrowband signals, it is possible for these constituent narrowband signals to 
align in phase and produce high peak values. This results in high PAPRs where the peak 
power of the OFDM modulated signal is very large compared to the average power. For 
applications employing highly power-efficient power amplifiers, the input signal with a high 
PAPR causes the power amplifier to be operated in the non-linear region. The non-linear 
characteristic of the high power amplifier (HPA) will introduce in-band distortions which in 
turn will degrade system performance. Additionally, a HPA operated in the non-linear 
region will also produce out-of-band power emissions which will generate spectral regrowth 
and produce unwanted interference to the adjacent channel users. To alleviate the high PAPR 
problem in OFDM systems, several PAPR reduction schemes have been proposed in the 
literature (see Han & Lee, 2005; Jiang & Wu, 2008, and references therein). 
Wavelet packet modulation (WPM) is an alternative multi-carrier technology that has 
received recent research attention (see Lakshmana & Nikookar, 2006 and references therein).  
WPM systems have been shown to have better immunity to impulse and narrowband noises 
than OFDM (Lindsey, 1995).  Furthermore, WPM systems attain better bandwidth efficiency 
than OFDM (Sandberg & Tzannes, 1995), and they do not require cyclic prefix extension 
unlike OFDM (Lakshmana & Nikookar, 2006).  To benefit from these advantages, WPM has 
been recently applied in the various areas including multi-carrier multi-code code division 
multiple access (CDMA) (Akho-Zhieh & Ugweje, 2008), cognitive radio systems 
(Lakshmanan, Budiarjo, & Nikookar, 2007), and multiple-input multiple-output systems 
(Lakshmanan, Budiarjo, & Nikookar, 2008), to name a few.  However, similar to OFDM, 
WPM also suffers from the PAPR problem. 
The objectives of this chapter are twofold.  Firstly, we provide an overview of the PAPR 

reduction methods already published in the literature for WPM systems.  As part of the 
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overview, we discuss the merits and limitations associated with the existing PAPR reduction 

schemes.  Secondly, we formulate the design criteria for a set of PAPR minimizing 

orthogonal basis functions for WPM systems.  To evaluate the merits of the PAPR 

minimizing orthogonal basis functions, performance comparisons are made with the 

conventional Daubechies basis functions and OFDM.  Furthermore, we also provide a 

qualitative comparison between the PAPR minimizing orthogonal basis functions and the 

existing PAPR reduction techniques for WPM systems. 

The rest of the chapter is organized as follows.  First, an overview of WPM based multi-

carrier systems is provided in Section 2. An overview of some PAPR reduction methods 

already proposed in the literature for WPM systems is then presented in Section 3.  Next, in 

Section 4, we present the design criteria of the PAPR minimizing orthogonal basis functions.  

This is followed by simulation results and discussions in Section 5.  Finally, the chapter is 

concluded in Section 6. 

The following notations are used throughout the chapter:  { }θE  denotes the statistical 

average of random variable θ ;  { }0Pr >θ θ  represents the probability of the event 0>θ θ ;  

{ }( )n�θnmax  represents the maximum value of ( )n�θ  over all instances of time index n ;  

{ }sign •  is the signum function;  ( )pδ  represents the Kronecker delta function;  ⎡ ⎤θ  denotes 

the smallest integer greater than or equal to θ ;  ∀  represents universal quantification. 

Parts of this work is based on “An Efficient PAPR Reduction Method for Wavelet Packet 

Modulation Schemes”, by N. T. Le, S. D. Muruganathan, and A. B. Sesay which appeared in 

IEEE Vehicular Technology Conference, Spring-2009. The previously published material is 

reused with permission from IEEE. Copyright [2009] Institute of Electrical and Electronics 

Engineers. 

2. Overview of WPM based multi-carrier systems 

In general, the WPM based multi-carrier systems can be characterized using sets of 

orthogonal basis functions called wavelet packets (Lakshmanan & Nikookar, 2006).  These 

orthogonal basis functions are defined at multiple levels with the thm  level consisting of 2m  

distinct basis functions.  Let us denote the orthogonal basis functions corresponding to the 
thm  level by the set 

 { },0 ,1 , ,2 2 ,2 1
( ), ( ), , ( ) , ( ), ( ) ,m mm m m k m m
t t t t t

− −
… …ϕ ϕ ϕ ϕ ϕ  (1) 

where k  ( 0, 1, , 2 1)mk = −…  denotes the orthogonal basis function index.  Given (1), the 

orthogonal basis functions corresponding to the ( 1)thm +  level are defined as 

 1, 2 ,( ) ( ) (2 ) ,m k m k
n

t h n t n+ = −∑ �ϕ ϕ  (2) 

 1, 2 1 ,( ) ( ) (2 ) ,m k m k
n

t g n t n+ + = −∑ �ϕ ϕ  (3) 

where ( )h n�  and ( )g n�  respectively denote low-pass and high-pass filter impulse responses 

forming a quadrature mirror filter (QMF) pair at the receiver.  Hence, ( )h n�  and ( )g n�  are 

related through (Lakshmanan & Nikookar, 2006) 
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 ( ) ( 1) (2 1 ),ng n h N n= − − −��  (4) 

where 2N  denotes length of both filters.  In addition, the low-pass filter impulse response 

( )h n�  is also required to satisfy the following conditions (Daubechies, 1992): 

 ( ) ( 2 ) ( ),
n

h n h n p p+ =∑ � � δ  (5) 

 ( ) 2 .
n

h n =∑ �  (6) 

Let us next define the time-reversed version of the QMF pair at the transmitter as follows: 

 ( ) ( ) ,h n h n= −�  (7) 

 ( ) ( ),g n g n= −�  (8) 

where ( )h n  and ( )g n  represent the time-reversed low-pass and high-pass filter impulse 

responses, respectively. 
 

2↑ ( )h n

( )g n2↑
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+

2↑ ( )h n
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+

2↑ ( )h n
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+

2↑ ( )h n

2↑ ( )h n
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Fig. 1. A 2M  sub-channel WPM transmitter structure 

Now, the transmitter structure for a WPM multi-carrier system with 2M  sub-channels can 

be constructed as shown in Figure 1.  In Figure 1, the input data symbol streams 

0 1 2 2 2 1
( ), ( ), , ( ), ( )M Mx n x n x n x n

− −
…  are multiplexed onto 2M  sub-channels via the 

successive application of time-reversed QMF pairs (i.e., ( )h n  and ( )g n ).  For a system with 

2M  sub-channels, we require M  levels of QMF pairs at the transmitter, wherein the thm  
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level consists of 12m−  QMF pairs.  Generally, the successive application of the M  levels of 

QMF pairs yields the output ( )y n  of the WPM transmitter.  It should be noted that the 

WPM transmitter structure of Figure 1 is also referred to as the wavelet packet tree (WPT) in 

the literature.  Additionally, the combination of the up-sampler and the filter (i.e., either 

( )h n  or ( )g n ) is sometimes called a node. 

Alternatively, the WPM transmitter structure of Figure 1 can also be represented as in 

Figure 2 (Daly et al., 2002).  In Figure 2, the equivalent impulse response corresponding to 

the thk  ( 0, 1, , 2 1)Mk = −…  sub-channel is denoted as ( )kw n .  Next, let us represent the Z-

transform of the filter impulse response corresponding to the thk  sub-channel and the thm  

level (refer to Figure 1) as 

 { }, ( ) ( ), ( ) ,k mT z H z G z∈  (9) 

where ( )H z  and ( )G z  denote the Z-transforms of ( )h n  and ( )g n , respectively.  Then, the Z-

transform of the equivalent impulse response ( )kw n  is given by (Daly et al., 2002) 

 
12

,
1

( ) ( ).
m

M

k k m
m

W z T z
−

=

=∏   (10) 

3. PAPR reduction techniques for WPM systems 

Although PAPR reduction techniques have been extensively studied for OFDM systems (see 

Han & Lee, 2005, Jiang & Wu, 2008, and references therein), PAPR reduction methods for 

WPM systems have only recently gained the attention of the Communications and Signal 

Processing research communities.  In this section, we provide an overview of some PAPR 

reduction methods already proposed in the literature for WPM systems.  In doing so, we 

discuss the merits and limitations of the existing PAPR reduction schemes for WPM 

systems.  This section also helps set the stage for later sections by emphasizing the 

motivation for proposing a basis function design based PAPR reduction scheme for WPM 

systems. 

3.1 Tree pruning based methods 

In the tree pruning approach, adjacent nodes of the wavelet packet tree (WPT) are 

selectively combined (or split) to form a single node (or two separate nodes) in order to 

reduce the PAPR.  Baro and Ilow recently proposed a tree pruning based PAPR reduction 

scheme where a sequence of modulated symbols are first passed through TN  distinct 

pruned WPTs to produce TN  different output sequences (Baro & Ilow, 2007a).  The TN  

distinct pruned WPTs are attained by performing a single adjacent node-pair joining at 

different locations of the unpruned WPT (i.e., a single adjacent node-pair joining is 

performed at TN  different locations of the unpruned WPT).  Then, the sequence with the 

lowest PAPR among the TN  different output sequences is chosen for transmission.  

Additionally, to facilitate recovery of the information symbols, details about the pruned 

WPT chosen for transmission is sent to the receiver as side information via additional sub-

carriers. 
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Fig. 2. An equivalent representation of the 2M  sub-channel WPM transmitter structure 

Since the scheme proposed in (Baro & Ilow, 2007a) requires an exhaustive search for the 

output sequence with the lowest PAPR, the number TN  of pruned WPTs determines the 

computational complexity associated with it.  Furthermore, the number TN  also affects the 

amount of side information required since a minimum of ( )2log TN⎡ ⎤⎢ ⎥  bits are necessary in 

order for the receiver to identify the pruned WPT that was used by the transmitter.  To 

alleviate the complexity and side information overhead issues, the authors in (Baro & Ilow, 

2007a) also propose two low-complexity pruning algorithms.  In the first low-complexity 

algorithm, the authors reduce the number TN  of pruned WPTs by choosing only the most 

frequently chosen TN′  pruned WPTs (i.e., the ones that generate the output sequence with 

the lowest PAPR most frequently) obtained through several random simulation trials.  This 

scheme not only reduces the complexity associated with the original tree pruning algorithm 

but also decreases the side information overhead.  The second low-complexity algorithm 

involves setting a PAPR threshold thPAPR , where the first pruned WPT that produces an 

output PAPR below thPAPR  is chosen for transmission.  Depending on the values of TN′  

and thPAPR  chosen, the two low-complexity versions are shown to slightly reduced PAPR 

reduction performance (Baro & Ilow, 2007a). 

In (Baro & Ilow, 2007b), an alternative tree pruning is proposed for PAPR reduction in WPM 

systems.  As opposed to the scheme in (Baro & Ilow, 2007a) which is based on a single 

adjacent node-pair joining approach, the scheme proposed in (Baro & Ilow, 2007b) allows 

multiple joins on multiple non-leaf nodes.  In the later scheme, a set ( )DP  of allowable non-

leaf nodes are first defined, and the joining of multiple nodes is performed iteratively.  Since 

this scheme involves searching for a pruned WPT that yields the least PAPR via multiple 

iterations (or passes), the authors refer to it as the multi-pass tree pruning method.  In 

reducing the processing time and computational complexity, it is shown in (Baro & Ilow, 

2007b) that the multi-pass tree pruning method provides good PAPR reduction capability 
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when the number of iterations (or passes) is set to 5.  Furthermore, a computationally 

simpler version of the multi-pass tree pruning algorithm based on setting a PAPR threshold 

thPAPR  is also proposed in (Baro & Ilow, 2007b).  In the simplified version, the iterative 

search procedure is terminated once a pruned WPT that yields a PAPR value below thPAPR  

is found.  For the receiver to identify the pruned WPT that was used by the transmitter, the 

multi-pass pruning scheme requires a minimum of { }( )( )
2log D

isize P N⎡ ⎤×⎢ ⎥  bits as side 

information.  Here, { }( )Dsize P  and iN  respectively denote the size of the allowable non-leaf 

node set and the maximum number of iterations.  It should be noted that with increasing 

{ }( )Dsize P , the multi-pass pruning scheme yields improved PAPR reduction capability and 

requires more side information overhead. 
The major advantage of tree pruning based methods is their capability to provide high 
PAPR reduction.  The results presented in (Baro & Ilow, 2007a) show that the single node-
pair joining based tree pruning method can yield up to 3.5 dB of PAPR reduction when 
compared to the WPM scheme using the unpruned WPT.  Likewise, the multi-pass tree 
pruning method of (Baro & Ilow, 2007b) can provide up to 5 dB PAPR reduction over the 
unpruned WPM scheme.  Furthermore, the tree pruning based PAPR reduction methods are 
distortionless and do not introduce spectral regrowth.  The major drawbacks of the tree 
pruning based PAPR reduction methods are twofold.  Firstly, the tree pruning approach 
requires side information to be sent to the receiver which reduces the bandwidth efficiency 
of the system.  Moreover, when the side information is received in error, the receiver will 
not be able to recover the transmitted data sequence.  Hence, some form of protection such 
as the employment of channel encoding may be necessary to reliably receive the side 
information.  However, the employment of channel encoding in the transmission of side 
information will result in further loss of bandwidth efficiency.  The second major 
disadvantage of tree pruning based PAPR reduction methods is that the pruned WPTs 
result in sub-channels with different bandwidths.  Hence, the application of tree pruning 
based approach does not guarantee that all sub-channels undergo frequency-flat fading.  
This will reduce the multipath resilience of the WPM system under broadband 
communication environments. 

3.2 Clipping and amplitude threshold based methods 

The clipping method is the simplest and one of the widely used PAPR reduction methods in 
multicarrier communication systems (Jiang & Wu, 2008).  Using the clipping method, any 
desired amount of PAPR reduction can be achieved by presetting the clipping level at the 
transmitter.  In (Rostamzadeh & Vakily, 2008), a clipping based PAPR reduction scheme is 
investigated with application to WPM.  To reduce the effect of nonlinear distortion 
introduced by the clipping process, the authors in (Rostamzadeh & Vakily, 2008) adopt an 
iterative maximum likelihood (ML) based approach at the receiver.  In this approach, 
estimates of the transmitted symbols are first attained via the ML detector.  These 
transmitted symbol estimates are then used to compute an estimate of the nonlinear 
distortion component.  Next, the nonlinear component estimate is removed from the 
received signal, and revised ML estimates of the transmitted symbols are obtained.  The 
revised ML estimates of the transmitted symbols are once again used to attain a revised 
estimate of the nonlinear distortion component.  The processes of revised nonlinear 
distortion component estimation and revised ML estimation of the transmitted symbols are 
repeated iteratively until a desired level of performance is attained.  Bit error rate (BER) 
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results presented in (Rostamzadeh & Vakily, 2008) show that the iterative ML receiver based 
clipping approach can nearly mitigate the in-band distortion introduced by the clipping 
process with 3 iterations in an additive white Gaussian noise (AWGN) channel.  However, 
in a multipath fading channel, it is generally difficult to estimate the nonlinear distortion 
component at the receiver (Jiang & Wu, 2008).  Thus, the iterative ML receiver based 
clipping approach proposed in (Rostamzadeh & Vakily, 2008) may suffer performance 
degradation due to in-band distortion in a multipath fading environment.  Other major 
disadvantages of the iterative ML receiver based clipping approach include increased out-
of-band radiation and a higher receiver complexity. 
In (Zhang, Yuan, & Zhao, 2005), an amplitude threshold based method is proposed for 
PAPR reduction in WPM systems.  In this method, the signal samples whose amplitudes are 
below a threshold T  are set to zero, and the samples with amplitudes exceeding T  are 
unaltered.  Since setting the low amplitude samples to zero is a nonlinear process, this 
method also suffers from in-band distortion and introduces out-of-band power emissions.  
Another major disadvantage with the amplitude threshold based PAPR reduction scheme 
proposed in (Zhang, Yuan, & Zhao, 2005) is that it results in an increase in the average 
power of the modified signal.  Although the PAPR is reduced due to an increased average 
power, this method will result in BER degradation when the transmitted signal is 
normalized back to its original signal power level (Han & Lee, 2005).  Furthermore, the 
amplitude threshold based PAPR reduction scheme also requires HPAs with large linear 
operation regions (Jiang & Wu, 2008).  Lastly, the criterion for choosing the threshold value 
T  is not defined in (Zhang, Yuan, & Zhao, 2005), and hence, may depend on the 
characteristics of the HPA. 
An alternative amplitude threshold based scheme called adaptive threshold companding 
transform is proposed in (Rostamzadeh, Vakily, & Moshfegh, 2008).  Generally, the 
application of nonlinear companding transforms to multicarrier communication systems are 
very useful since these transforms yield good PAPR reduction capability with low 
implementation complexity (Jiang & Wu, 2008).  In the adaptive threshold companding 
scheme proposed (Rostamzadeh, Vakily, & Moshfegh, 2008), signal samples with 

amplitudes higher than a threshold T  are compressed at the transmitter via a nonlinear 

companding function; the signal samples with amplitudes below T  are unaltered.  To undo 
the nonlinear companding transform, received signal samples corresponding to signal 
samples that underwent compression at the transmitter are nonlinearly expanded at the 

receiver.  The threshold value T  is determined adaptively at the transmitter and sent to the 

receiver as side information.  Specifically, T  is determined adaptively to be a function of the 
median and the standard deviation of the signal.  By compressing the signal samples with 

high amplitudes (i.e., amplitudes exceeding T ), the adaptive threshold companding scheme 
achieves notable PAPR reductions in WPM systems.  Results presented in (Rostamzadeh, 
Vakily, & Moshfegh, 2008) show that the adaptive threshold companding scheme yields a 
significantly enhanced symbol error rate performance over the clipping method in an 
AWGN channel.  However, the authors in (Rostamzadeh, Vakily, & Moshfegh, 2008) do not 
provide performance results corresponding to the multipath fading environment.  The 
received signal samples to be nonlinearly expanded are identified by comparing the 

received signal amplitudes to the threshold value T  at the receiver.  Although this 
approach works reasonably well in the AWGN channel, it may not be practical in a 
multipath fading channel due to imperfections associated with fading mitigation techniques 
such as non-ideal channel estimation, equalization, interference cancellation, etc.  Another 
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major disadvantage associated with the adaptive threshold companding scheme is that it is 
very sensitive to channel noise.  For instance, the larger the amplitude compression at the 
transmitter, the higher the BER (or symbol error rate) at the receiver due to noise 
amplification.  Furthermore, the adaptive threshold companding scheme suffers a slight  
loss in bandwidth efficiency due to side information being transmitted from the transmitter 
to the receiver.  The application of this scheme will also result in additional performance 
loss if the side information is received in error. 

3.3 Other methods 

In (Gautier et al., 2008), PAPR reduction for WPM based multicarrier systems is studied 
using different pulse shapes based on the conventional Daubechies wavelet family.  
Simulation results presented in this work show that the employment of wavelet packets can 
yield notable PAPR reductions when the number of subchannels is low.  However, to 
improve PAPR, the authors in (Gautier et al., 2008) increase the wavelet index of the 
conventional Daubechies basis functions which results in an increased modulation 
complexity. 

In (Rostamzadeh & Vakily, 2008), two types of partial transmit sequences (PTS) methods are 

applied to reduce PAPR in WPM systems.  The first method is a conventional PTS scheme 

where the input signal block is partitioned into Φ  disjoint sub-blocks.  Each of the Φ  

disjoint sub-blocks then undergoes inverse discrete wavelet packet transformations to 

produce Φ  different output signals.  Next, the transformed output signals are rotated by 

different phase factors bφ  ( 1, 2, , )= Φ…φ .  The rotated and transformed output signals are 

lastly combined to form the transmitted signal.  In the conventional PTS scheme, the phase 

factors { }bφ  are chosen such that the PAPR of the combined signal (i.e., the signal to be 

transmitted) is minimized.  The second PTS method applied to WPM systems in 

(Rostamzadeh & Vakily, 2008) is the sub-optimal iterative flipping technique which was 

originally proposed in (Cimini & Sollenburger, 2000).  In the iterative flipping technique, the 

phase factors { }bφ  are restricted to the values 1± .  The iterative flipping PTS scheme first 

starts off with phase factor initializations of 1b = +φ  for ∀φ  and a calculation of the 

corresponding PAPR (i.e., the PAPR corresponding to the case 1b = +φ , ∀φ ).  Next, the 

phase factor 1b  is flipped to 1− , and the resulting PAPR value is calculated again.  If the 

new PAPR is lower than the original PAPR, the phase factor 1 1b = −  is retained.  Otherwise, 

the phase factor 1b  is reset to its original value of 1+ .  This phase factor flipping procedure 

is then applied to the other phase factors 2 3, , ,b b bΦ…  to progressively reduce the PAPR.  

Furthermore, if a desired PAPR is attained after applying the phase factor flipping 

procedure to bφ  (2 )≤ < Φφ , the algorithm can be terminated in the middle to reduce the 

computational complexity associated with the iterative flipping PTS technique. 
In general, the PTS based methods are considered important for their distortionless PAPR 
reduction capability in multi-carrier systems (Jiang & Wu, 2008; Han & Lee, 2005).  The 
amount of PAPR reduction achieved by PTS based methods depends on the number Φ  of 

disjoint sub-blocks and the number W  of allowed phase factor values.  However, the PAPR 

reduction achieved by PTS based methods come with an increased computational 
complexity.  When applied to WPM systems, PTS based methods require Φ  inverse discrete 
wavelet packet transformations at the transmitter.  Moreover, the conventional PTS scheme 
incurs a high computational complexity in the search for the optimal phase factors.  Another 
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disadvantage associated with the PTS based methods is the loss in bandwidth efficiency due 
to the need to transmit side information about the phase factors from the transmitter to the 
receiver.  The minimum number of side information bits required for the conventional PTS 

scheme and the iterative flipping PTS scheme are ( )
2log W⎡ ⎤Φ⎢ ⎥  and Φ , respectively (Jiang 

& Wu, 2008; Han & Lee, 2005).  It should also be noted that the PTS schemes will yield 
degraded system performance if the side-information bits are received in error at the 
receiver. 

Another method considered for reducing the PAPR of WPM systems in (Rostamzadeh & 

Vakily, 2008) is the selective mapping (SLM) approach.  In the SLM method, the input 

sequence is first multiplied by U  different phase sequences to generate U  alternative 

sequences.  Then, the U  alternative sequences are inverse wavelet packet transformed to 

produce U  different output sequences.  This is followed by a comparison of the PAPRs 

corresponding to the U  output sequences.  The output sequence with the lowest PAPR is 

lastly selected for transmission.  To recover the original input sequence at the receiver, side 

information about the phase sequence that generated the output sequence with the lowest 

PAPR must be transmitted to the receiver.  The PAPR reduction capability of the SLM 

method depends on the number U  of phase sequences considered and the design of the 

phase sequences (Han & Lee, 2005).  Similar to the PTS method, the SLM approach is 

distortionless and does not introduce spectral regrowth.  The major disadvantages of the 

SLM method are its high implementation complexity and the bandwidth efficiency loss it 

incurs due to the requirement to transmit side information.  When applied to WPM systems, 

the SLM method requires U  inverse discrete wavelet packet transformations at the 

transmitter.  Furthermore, a minimum of ( )
2log U⎡ ⎤⎢ ⎥  side-information bits are required to 

facilitate recovery of the original input sequence at the receiver (Jiang & Wu, 2008; Han & 

Lee, 2005).  Similar to the PTS based methods, the SLM approach will also degrade system 

performance if the side-information bits are erroneously received at the receiver. 

4. Orthogonal basis function design approach for PAPR reduction 

In this section, we present a set of orthogonal basis functions for WPM-based multi-carrier 
systems that reduce the PAPR without the abovementioned disadvantages of previously 

proposed techniques.  Given the WPM transmitter output signal ( )y n , the PAPR is defined as 

 
{ }

{ }
2

2

| ( )|
,

| ( )|

y n
PAPR

y n
� nmax

E
 (11) 

where { }•nmax  represents the maximum value over all instances of time index n .  The 

PAPR reduction method presented here is based on the derivation of an upper bound for 

the PAPR.  With regards to (11), we showed in (Le, Muruganathan, & Sesay, 2008) that 

  { }2 2| ( )| ,xE y n =σ  (12) 

where 2
xσ  is the average power of any one of the input data symbol streams 

0 1 2 2 2 1
( ), ( ), , ( ), ( )M Mx n x n x n x n

− −
… .  In Section 4.1, we complete the derivation of the 
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PAPR upper bound by deriving an upper bound for the peak power { }2| ( )|y nnmax .  The 

design criteria for the orthogonal basis functions that minimize the PAPR upper bound are 

then presented in Section 4.2. 

4.1 Upper bound for PAPR 

Let us first consider the derivation of an upper bound for the peak power { }2| ( )|y nnmax .  

Using the notation introduced in Figure 2, the WPM transmitter output signal ( )y n  can be 

expressed as 

 ( ) ( ) ( )
2 1

0

,

M

k k
k p

y n z p w n p
−

=

= −∑ ∑  (13) 

where ( )kz n  is the up-sampled version of ( )kx n  which is defined as 

 ( )
, mod( ,2 ) 0,

2

0, .

M
k M

k

n
x if n

z n

otherwise

⎧ ⎛ ⎞ =⎪ ⎜ ⎟= ⎝ ⎠⎨
⎪
⎩

 (14) 

Now, substituting (14) into (13), it can be shown that 

 ( ) ( ) ( )
2 1

0

2 .

M

M
k k

k p

y n x p w n p
−

=

= −∑ ∑  (15) 

We next apply the triangular inequality to (15) and obtain the following upper bound for 

| ( )|y n : 

 { } ( )
2 1

,
0

| ( )| max | ( )| 2 .

M

M
n k k k

k p

y n x n w n p
−

=

⎡ ⎤
≤ −⎢ ⎥

⎢ ⎥⎣ ⎦
∑ ∑  (16) 

In (16), ,max {| ( )|}n k kx n  denotes the peak amplitude of the input data symbol stream ( )kx n  

over all sub-channels (i.e., k∀ ) and all instances of time index n .  Hence, from (16), the peak 

value of | ( )|y n  over all instances of n  can be upper bounded as 

 { } { } ( )
2 1

,
0

max | ( )| max | ( )| max 2 ,

M

M
n n k k n k

k p

y n x n w n p
−

=

⎧ ⎫⎪ ⎪≤ × −⎨ ⎬
⎪ ⎪⎩ ⎭
∑ ∑  (17) 

where the notation { }•nmax  is as defined in (11).  It can be shown that in (17), equality holds 

if and only if the input data symbol streams in (15) (i.e., ( )kx p  for k∀ ) satisfy the condition 

 ( ) { } ( ){ }sign,max | ( )| 2 ,jM
k n k k kx p x n w n p e= × − × α  (18) 

where α  denotes an arbitrary phase value. 

Now, using the result in (17), the upper bound for the peak power 2{| ( )| }y nnmax  is attained 

as 
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 { } { } ( )
2

2 1
2 2

,
0

max | ( )| max | ( )| max 2 .

M

M
n n k k n k

k p

y n x n w n p
−

=

⎡ ⎤⎧ ⎫⎪ ⎪≤ × −⎢ ⎥⎨ ⎬
⎢ ⎥⎪ ⎪⎩ ⎭⎣ ⎦

∑ ∑   (19) 

Lastly, substitution of (12) and (19) into (11) yields the PAPR upper bound as 

 
{ } ( )

22
2 1

,

2
0

max
max

| ( )|
2 .

M

n k k M
UB n k

k px

PAPR
x n

PAPR w n p
−

=

⎡ ⎤⎧ ⎫⎪ ⎪≤ = −⎢ ⎥⎨ ⎬
⎢ ⎥⎪ ⎪⎩ ⎭⎣ ⎦

∑ ∑σ
  (20) 

4.2 Design criteria for PAPR minimizing orthogonal basis functions 

Considering (20), we first note that the new PAPR upper bound is the product of two 
factors.  The first factor 

{ }2
,

2

max | ( )|n k k

x

x n

σ
 

is only dependent on the input data symbol streams 

0 1 2 2 2 1
( ), ( ), , ( ), ( )M Mx n x n x n x n

− −
… .  By virtue of (9)-(10), the second factor 

( )
2

2 1

0

max 2

M

M
n k

k p

w n p
−

=

⎡ ⎤⎧ ⎫⎪ ⎪−⎢ ⎥⎨ ⎬
⎢ ⎥⎪ ⎪⎩ ⎭⎣ ⎦

∑ ∑  

is solely determined by the reversed QMF pair, ( )h n  and ( )g n .  Furthermore, since ( )h n  

and ( )g n  are closely related through (7)-(8) and (4), the abovementioned second factor can 

be expressed entirely in terms of ( )h n .  Recalling from (2)-(8) that the orthogonal basis 

functions are characterized by the time-reversed low-pass filter impulse response ( )h n , we 

now strive to minimize the PAPR upper bound in (20) by minimizing the cost function 

 ( )
2 1

0

max 2

M

M
M n k

k p

CF w n p
−

=

⎧ ⎫⎪ ⎪= −⎨ ⎬
⎪ ⎪⎩ ⎭
∑ ∑  (21) 

by appropriately designing ( )h n . 

Firstly, let ( )H ω  denote the Fourier transform of the low-pass filter impulse response ( )h n  

with length 2N .  Given a set of orthogonal basis functions with regularity L  (1 )L N≤ ≤ , 

the magnitude response corresponding to ( )h n  can be written as (Burrus, Gopinath, & Guo, 

1998) 

 ( ) ( )2 22 sin ( 2) ,cos ( 2)
L

H P= ⎡ ⎤⎣ ⎦ω ωω  (22) 

where 

 ( ) ( )
1

2 2 2

0

1
sin ( 2) sin ( 2) sin ( 2) cos( ) .

L LL
P R

−

=

− +⎛ ⎞
⎡ ⎤ ⎡ ⎤= +⎜ ⎟ ⎣ ⎦ ⎣ ⎦

⎝ ⎠
∑

A

A

A
A

ω ω ω ω    (23) 
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In (23), (cos( ))R ω  denotes an odd polynomial defined as 

 ( ) ( )2 1

1

0, ,

cos( )
cos( ) , 1 .

N L
i

i
i

if L N

R
a if L N

−
−

=

=⎧
⎪= ⎨ ≤ <⎪
⎩
∑

ω
ω

 (24) 

It should be noted that the first case (i.e., L N= ) of (24) corresponds to the case of the 

conventional Daubechies basis functions.  In the second case of (24) where 1 L N≤ < , the 

coefficients { }ia  are chosen such that 

 ( )2sin ( 2) 0 ,P ≥ω  (25) 

for 20 sin ( 2) 1≤ ≤ω .  Now, substituting (24) into (23) yields 

 ( ) ( )
1

2 12 2 2

0 1

1
sin ( 2) sin ( 2) sin ( 2) cos( ) .

L N LL i

i
i

L
P a

− −
−

= =

− +⎛ ⎞
⎡ ⎤ ⎡ ⎤= +⎜ ⎟ ⎣ ⎦ ⎣ ⎦

⎝ ⎠
∑ ∑

A

A

A
A

ω ω ω ω   (26) 

Since 20 sin ( 2) 1≤ ≤ω , we note that 

 2 2sin ( 2) sin ( 2)
L

⎡ ⎤ ⎡ ⎤≥⎣ ⎦ ⎣ ⎦
A

ω ω  (27) 

for 0, 1, ..., ( 1)L= −A .  Then, using (27), the first term on the right hand side of (26) can be 

lower bounded as 

 
1 1

2 2

0 0

1 1
sin ( 2) sin ( 2) .

L LLL L− −

= =

− + − +⎛ ⎞ ⎛ ⎞
⎡ ⎤ ⎡ ⎤≥⎜ ⎟ ⎜ ⎟⎣ ⎦ ⎣ ⎦

⎝ ⎠ ⎝ ⎠
∑ ∑

A

A A

A A
A A

ω ω  (28) 

Next, noting that ( )2 1
cos( )

i

i ia a
− ≤ω , we have 

 ( )2 1
cos( )

i

i ia a
− ≥ −ω  (29) 

for 1, 2, ..., ( )i N L= − .  Using (29), the second term on the right hand side of (26) can be 

lower bounded as 

 ( )2 12 2

1 1

sin ( 2) cos( ) sin ( 2) .
N L N LL Li

i i
i i

a a
− −

−

= =

⎡ ⎤ ⎡ ⎤≥ −⎣ ⎦ ⎣ ⎦∑ ∑ω ω ω  (30) 

Now, combining (28) and (30) with (26) yields 

 

( ) ( )
1

2 12 2 2

0 1

1
2 2

0 1

1
sin ( 2) sin ( 2) sin ( 2) cos( )

1
sin ( 2) sin ( 2) .

L N LL i

i
i

L N LL L

i
i

L
P a

L
a

− −
−

= =

− −

= =

− +⎛ ⎞
⎡ ⎤ ⎡ ⎤= +⎜ ⎟ ⎣ ⎦ ⎣ ⎦

⎝ ⎠

− +⎛ ⎞
⎡ ⎤ ⎡ ⎤≥ −⎜ ⎟⎣ ⎦ ⎣ ⎦

⎝ ⎠

∑ ∑

∑ ∑

A

A

A

A
A

A
A

ω ω ω ω

ω ω

 (31) 
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Recalling the constraint ( )2sin ( 2) 0P ≥ω  from (25), we can further lower bound (31) as 

 ( )
1

2 2 2

0 1

1
sin ( 2) sin ( 2) sin ( 2) 0.

L N LL L

i
i

L
P a

− −

= =

− +⎛ ⎞
⎡ ⎤ ⎡ ⎤≥ − ≥⎜ ⎟⎣ ⎦ ⎣ ⎦

⎝ ⎠
∑ ∑
A

A
A

ω ω ω     (32) 

From the last inequality of (32), we have 

 
1

1 0

1
.

N L L

i
i

L k
a

k

− −

= =

− +⎛ ⎞
≤ ⎜ ⎟

⎝ ⎠
∑ ∑

A
 (33) 

Next, using (33), the range of values for coefficient 1a  is chosen as 1 1 1A a A− ≤ ≤ , where 

 
1

1
0

1
.

L L k
A

k

−

=

− +⎛ ⎞
= ⎜ ⎟

⎝ ⎠
∑
A

 (34) 

Likewise, the ranges of the remaining coefficients ia  ( 2, 3, , )i N L= −…  are set as 

i i iA a A− ≤ ≤ , wherein 

 
1 1

0 1

1
.

L i

i k
k

L k
A a

k

− −

= =

− +⎛ ⎞
= −⎜ ⎟

⎝ ⎠
∑ ∑
A

 (35) 

Then, each coefficient ia  is searched within its respective range in predefined intervals.  For 

each given set of coefficients { }ia , the associated cost function MCF  is computed using (4), 

(7)-(10), and (21).  Lastly, the time-reversed low-pass filter impulse response ( )h n  that 

minimizes the PAPR upper bound of (20) is determined by choosing the set of coefficients 

{ }ia  that minimizes the cost function MCF  of (21).  It should be noted that the cost function 

MCF  of (21) is independent of the input data symbol streams.  Hence, using the presented 

method the impulse response ( )h n  can first be designed offline and then be employed even 

in real-time applications. 

5. Simulation results and discussions 

In this section, we present simulation results to evaluate the performance of the PAPR 

reduction method of Section 4.  Throughout this section, we compare the performance of the 

PAPR minimizing orthogonal basis functions (which are determined by the time-reversed 

impulse response ( )h n  designed in Section 4.2) to the performance of the conventional 

Daubechies basis functions.  Additionally, we also make performance comparisons with 

multi-carrier systems employing OFDM.  Throughout the simulations, the number of sub-

channels in all three multi-carrier systems is set to 64 (i.e., 6M = ), and the channel 

bandwidth is assumed to be 22 MHz.  Furthermore, the input data symbol streams 

0 1 2 2 2 1
( ), ( ), , ( ), ( )M Mx n x n x n x n

− −
…  are drawn from a 4-QAM symbol constellation.  In 

the cases of the proposed orthogonal basis functions and conventional Daubechies basis 

functions, we set 6N = .  Furthermore, for the PAPR minimizing orthogonal basis functions, 

the regularity L  is chosen to be 3 (recall that for the conventional Daubechies basis 

functions 6L N= = ). 
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The first performance metric we consider is the complementary cumulative distribution 
function (CCDF) which is defined as 

( ) { }0 0Pr .CCDF PAPR PAPR PAPR= >  
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Fig. 3. CCDF performance comparison 

The CCDF performance comparison between the three multi-carrier systems is presented in 
Figure 3.  From Figure 3, we note that the PAPR minimizing orthogonal basis functions 
achieve PAPR reductions of 0.3 dB over the conventional Daubechies basis functions and 0.4 
dB over OFDM.  It should be emphasized that these performance gains are attained with no 
need for side information to be sent to the receiver, no distortion, and no loss in bandwidth 
efficiency.  Furthermore, if additional PAPR reduction is desired, the PAPR minimizing 
orthogonal basis functions can also be combined with some of the PAPR reduction methods 
surveyed in (Han & Lee, 2005) and (Jiang & Wu, 2008). 
Next, we compare the bit error rate (BER) performances of the three multi-carrier systems 
under consideration.  In the BER comparisons, we utilize the Rapp’s model to characterize 
the high power amplifier with the non-linear characteristic parameter chosen as 2 and the 
saturation amplitude set to 3.75 (van Nee & Prasad, 2000).  Furthermore, a 10-path channel 
with an exponentially decaying power delay profile and a root mean square delay spread of 
50 ns is assumed.  The BER results as a function of the normalized signal-to-noise ratio (SNR) 
are shown in Figure 4.  From the figure, it is noted that at a target BER of 3×10-4, the PAPR 
minimizing orthogonal basis functions achieve an SNR gain of 2.9 dB over the conventional 
Daubechies basis functions.  The corresponding SNR gain over OFDM is 6.5 dB. 
We next quantify the out-of-band power emissions associated with the PAPR minimizing 
orthogonal basis functions, the conventional Daubechies basis functions, and the OFDM 
system.  This is done by analyzing the adjacent channel power ratio (ACPR)-CCDF 
corresponding to the three different schemes.  The ACPR-CCDF is defined as 
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( ) { }0 0Pr .CCDF ACPR ACPR ACPR= >  
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Fig. 4. BER performance comparison 
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Figure 5 shows the ACPR-CCDF results which are generated using the same power 
amplifier model used to generate the results of Figure 4.  For a CCDF probability of 10-4, we 
note from Figure 5 that the PAPR minimizing orthogonal basis functions achieve an ACPR 
reduction of approximately 0.67 dB over the OFDM system.  It should be noted that when 
compared to OFDM, the PAPR minimizing orthogonal basis functions reduce the ACPR by 
reducing the out-of-band power emissions introduced by the non-linear power amplifier.  
Furthermore, it is also noted from Figure 5 that the PAPR minimizing orthogonal basis 
functions yield a 0.1 dB ACPR reduction over the conventional Daubechies basis functions.  
This ACPR reduction is achieved mainly due to the superior PAPR reduction performance 
associated with the PAPR minimizing orthogonal basis functions when compared to the 
conventional Daubechies basis functions. 
Lastly, in Table 1, we provide a qualitative comparison of the PAPR minimizing orthogonal 
basis functions presented in Section 4 with the other PAPR reduction techniques 
overviewed in Section 3.  It should be noted that although the PAPR minimizing orthogonal 
basis functions yield a marginal PAPR reduction, this PAPR reduction is achieved without 
the disadvantages associated with the other techniques.  Moreover, if a high PAPR 
reduction is desired, the PAPR reducing orthogonal basis functions also offer the flexibility 
to be combined with other PAPR reduction methods such as PTS, SLM, etc. 

6. Conclusions 

In this chapter, a PAPR reduction method for WPM multicarrier systems based on the 
orthogonal basis function design approach is presented.  Firstly, we provide an overview of 
the WPM system and survey some PAPR reduction methods already proposed in the 
literature for WPM systems.  Next, we derive a new PAPR upper bound that applies the 
triangular inequality to the WPM transmitter output signal.  Using the new PAPR upper 
bound derived, design criteria for PAPR minimizing orthogonal basis functions are next 
formulated.  The performance of the PAPR minimizing orthogonal basis functions is 
compared to those of the conventional Daubechies basis functions and OFDM.  These 
comparisons show that the PAPR minimizing orthogonal basis functions outperform both 
the conventional Daubechies basis functions and OFDM.  Furthermore, we also provide a 
qualitative comparison between the PAPR minimizing orthogonal basis functions and the 
existing PAPR reduction techniques.  Through this comparison, it is shown that the PAPR 
minimizing orthogonal basis functions reduce the PAPR without the disadvantages 
associated with the other techniques. 
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